A MINIMUM PROBLEM WITH FREE BOUNDARY IN ORLICZ SPACES 
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Abstract. We consider the optimization problem of minimizing Gd Vit|) + Ax{u>o} dx in 
the class of functions W^''^{^1) with u — (po & ^o''^{^)i for ^ given ipo > and bounded. 
W^'^{Q) is the class of weakly differentiable functions with G(|Vu|) dx < oo. The conditions 
on the function G allow for a different behavior at and at oo. We prove that every solution u 
is locally Lipschitz continuous, that it is a solution to a free boundary problem and that the free 
boundary, 51 n d{u > 0}, is a regular surface. Also, we introduce the notion of weak solution to 
the free boundary problem solved by the minimizers and prove the Lipschitz regularity of the 
weak solutions and the C^'" regularity of their free boundaries near "flat" free boundary points. 



1. Introduction 

In this paper we study the following minimization problem. For O a smooth bounded domain 
in and tpo a nonnegative function with ipo € L°°{Q) and f^G{\Vipo\) dx < oo, we consider 
the problem of minimizing the functional, 

(1.1) J{u)= [ G{\Vu\) + Xx{u>o}dx 

Jn 

in the class of functions 

/C = |w G Li(17) : j G{\Vv\) dx <oo, v = (fo on 

This kind of optimization problem has been widely studied for different functions G. In 
fact, the first paper in which this problem was studied is 0. The authors considered the case 
G{t) = t^. They proved that minimizers are weak solutions to the free boundary problem 

r = in {u > 0} 

I u = 0, \Vu\ = X on d{u > 0} 



(1.2) 



and proved the Lipschitz regularity of the solutions and the C^'" regularity of the free boundaries. 

This free boundary problem appears in several applications. A very important one is that of 
fluid flow. In that context, the free boundary condition is known as Bernoulli's condition. 

The results of [3] have been generalized to several cases. For instance, in [5] the authors 
consider problem (jl.ip for a convex function G such that ct < G'{t) < Ct for some positive 
constants c and G. Recently, in the article [7] the authors considered the case G{t) = with 
1 < p < oo. In these two papers only minimizers are studied. Minimizers satisfy very good 
properties like nondegeneracy at the free boundary and uniform positive density of the set 
{u = 0} at free boundary points. On the other hand, the free boundary problem (jl.2p and its 
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counterpart for different choices of functions G appears in different contexts. For instance, as 
limits of singular perturbation problems of interest in combustion theory (see for instance, [6], 
|16|). The study of weak solutions to (jl.2p also appears when considering some optimization 
problems with a volume constrain (see for instance, [2], [3], [10], [11], [13], [13)- Thus, the 
study of the regularity of weak solutions and their free boundaries, while including the case of 
minimizers, it is of a wider interest. 

Thus, one of the goals of this paper is to return to the ideas of [^ and study weak solutions. 
Nevertheless, our main goal is to get these results under the natural conditions on G introduced 
by Lieberman (see |14j ) for the study of the regularity of weak solutions to the elliptic equation 
(possibly degenerate or singular) 




where g{t) = G'{t). 

These conditions ensure that the equation (II. 3p is equivalent to a uniformly elliptic equation 
in nondivergence form with ellipticity constants independent of the solution u on sets where 
Vu 7^ 0. Moreover, these conditions do not imply any kind of homogeneity on the function G 
and moreover, they allow for a different behavior of the function g when | Vn| is close to zero or 
infinity. Namely, we assume that g satisfies 

(1.4) < 5 < ^ < 50 yt>o 

for certain constants 5 and go. 

Observe that 6 = go = p — 1 when G{t) = t^, and conversely, if 5 = go then G is a power. 
A different example consists of a function G such that g{t) = t"log {bt + c) with a, 6, c > that 
satisfies (|1.4p with 6 = a and go = a + 1. Another interesting case is that of a function G with 
g € CH[0,oo)), g{t) = cit'^i for t < s, g{t) = C2t°-^ + d for t > s. In this case g satisfies (fH]) 
with 5 = min(ai,a2) and go = max(ai,a2). 

Moreover, any linear combination with positive coefficients of functions satisfying (jl.4p also 
satisfies (jl.4p . Also, if gi and g2 satisfy condition (jl.4p with constants (5* and gQ, i = 1,2, 
the function g = gig2 satisfies (|1.4p with 5 = 5^ + 5"^ and g^ = g^ + g^, and the function 
g{t) = gi[g2{t)) satisfies (|1.4p with 5 = 5^5"^ and go = So^o- 

This observation shows that there is a wide range of functions G under the hypothesis of this 
paper. 

The main results in this article are: 

Theorem 1.1. If g satisfies (|1.4p . there exists a minimizer of J in IC and any minimizer u 
is nonnegative and belongs to Cjj^(r2). Moreover, for any domain D CC containing a free 
boundary point, the Lipschitz constant of u in D is controlled in terms of N, gQ,6,dist{D,dO,) 
and X. 

We also prove that Cu = in the set {u > 0} and that {u > 0} has finite perimeter locally in 
$7. As usual, we define the reduced boundary by dred{u > 0} := {x G Qr\d{u > 0} / |^'n(3;)| = 1}, 
where I'uix) is the unit outer normal in the measure theoretic sense (see |S]), when it exists, and 
i^u{x) = otherwise. Then, we prove that H^~^{d{u > 0} \ dred{u > 0}) = 0. 

We also prove that minimizers have an the asymptotic development near any point in their 
reduced free boundary. Namely, 
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Theorem 1.2. Let u be a minimizer, then for every xq S dred{u > 0}; 
(1.5) u{x) = X* {x — xo,i'{xq))~ + o{\x — xqD as X —> xq 

where A* is such that g{X*)X* — G{X*) = X. i^Here {■,■) denotes the scalar product in and 
v~ = — min(t;, 0)) . 

So that, in a weak sense minimizers satisfy, 

(Cu = in {n>0}, 

I n = 0, \Vu\ = X* on nnd{u> 0}. 



(1.6) 



These results suggest that we consider weak solutions of the problem (jl.6p . We give two 
different definitions of weak solution (Definition 18.11 and Definition 18. 2p . Minimizers of the 
functional J verify both definitions of weak solution. The main difference between these two 
definitions is that for functions satisfying Definition 18. II we have that H^~^{d{u > 0}\dred{u > 
0}) = 0, whereas for functions satisfying Definition 18. 21 we may have dredi^ > 0} = 0. Definition 
18.21 is more suitable for limits of singular perturbation problems. 

Hypotheses (1), (2) and (3) of Definition 18.11 are similar to the ones in the definition of weak 
solution to the problem studied in [3]. In our case, we add hypothesis (4) in order to prove that 
weak solutions satisfying Definition 18.11 also have the asymptotic development (II. 5p at 7i^~^ 
almost every point of the reduced free boundary. Condition (4) is also used in the proof of the 
regularity of the free boundary. We prove the following theorem. 

Theorem 1.3. Let u be a weak solution. Then, Ti^^^ almost every point in the reduced free 
boundary dred{u > 0} has a neighborhood where the free boundary is a C^'"^ surface. Moreover, if 
u is a weak solution according to Detinition \8.1\ the remainder of the free boundary has 7{^~^ — 
measure zero. 

We point out that we prove that, if u is a weak solution, the free boundary is a C^'"^ surface 
in a neighborhood of every point where u has the asymptotic development (jl.Sp for some unit 
vector V. We prove that this is the case for every point in the reduced free boundary when u 
is a minimizer (see Theorem 17. ip . So that, if n is a minimizer the reduced free boundary is an 
open C^'" surface and the remainder of the free boundary has 7^^~^-measure zero. 

Outline of the paper and technical comments. In Section 2 we give some properties of 
the function g and define some spaces that we use to prove existence of minimizers. Then, we 
prove some properties of solutions and subsolution of Cv = 0. We also state some real analytic 
properties for functions with finite G{\Vu\) dx and we prove a Cacciopoli type inequality valid 
for these functions. We also prove an inequality (Theorem 12. 3p that will be used several times 
in this work. 

In Section 3 we prove the existence of minimizers and that they are subsolutions of Cv = 0. 
We also prove a maximum principle and the positivity of the minimizers. The existence of 
minimizers, while standard in its form, makes strong use of the Orlicz spaces and the second 
inequality in condition (jl.4p . 

In Section 4 we prove that any local minimizer u is Holder continuous (Theorem 14. ip . Cu = 
in {u > 0} (Lemma 14. ip and finally we prove the local Lipschitz continuity (Theorem 14. 2p . The 
proof of the Holder continuity of the minimizers is a key step in our analysis. Although, the 
proof follows closely the one for the case of the p— laplacian ([7]), here we have to use all the 
properties of the function G which mainly come into play through the inequality in Theorem 
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In Section 5 we prove that minimizers satisfy a nondegeneracy property near the free boundary 
O n d{u > 0}. We also prove that the sets {u > 0} and {u = 0} have locally uniform positive 
density at the free boundary (Theorem lS.ip . In this theorem we make strong use of the properties 
of G and the corresponding Orlicz space. 

In Section 6 we prove that the free boundary has Hausdorff dimension — 1 and we obtain 
a representation theorem for minimizers (Theorem I6.3p . This implies that {n > 0} has locally 
finite perimeter in Q. Finally we prove that TC'^^^{d{u > 0} \ drcdiu > 0}) = 0. 

In Section 7 we give some properties of blow up sequences of minimizers. We prove that 
any limit of a blow up sequence of minimizers is again a minimizer (Lemma 17. 2p and we finally 
prove the asymptotic development of minimizers at every point in their reduced free boundary 
(Theorem 17. ip . 

In Section 8 we give the definition of weak solution (Definition 18.11 and Definition 18. 2p . We 
show that most of the properties that we proved for minimizers also hold for weak solutions 
according to Definition 18. 11 and we mention the differences between the two definitions (Remark 
Oand Remark El. 

In Section 9 we prove the regularity of the free boundary of weak solutions near "fiat" free 
boundary points (Theorem l9.3p and then, we deduce the regularity of the free boundary of weak 
solutions near almost every point in their reduced free boundary and, in the case of minimizers, 
the regularity of the whole reduced free boundary (Theorem 19. 4p . While most of the steps 
of the proof of the regularity of the free boundary of weak solutions are very similar to the 
corresponding ones for minimizers in the uniformly elliptic case considered in [5] and in the case 
G{t) = fP considered in [7], there are some steps that need a new proof since weak solutions do 
not verify the locally uniform positive density of {u = 0} at the free boundary (See Lemmas 19. II 
and 19.51 and Theorem 19. 3p . 



2. Properties of the function G 

In this section we state and prove some properties of the function G and its derivative g that 
are used throughout the paper. We also state some real analytic properties for functions with 
finite G(|Vn|) dx like a form of Poincare Inequality, a Cacciopoli type inequality, the Holder 
continuity of functions in a kind of Morrey type space, properties of weak solutions to Lti = 
and a comparison principle for sub and supersolutions. We also prove an important inequality 
(Theorem 12. Sp . All these properties will be thoroughly used throughout the paper. Some of 
them have been proved in [T3]. We only write down the proof of statements not contained in 



Lemma 2.1. The function g satisfies the following properties, 
(gl) m.\n{s\s^°}g{t) < g{st) < max{s\ s3°}g{t) 
(g2) G is convex and 

(g3) < G{t) < tg{t) yt>0 

1 + 50 

Proof. For the proofs of (gl)-(g3) see [H]. □ 
Remark 2.1. By (gl) and (g3) we have a similar inequality for G, 

(Gl) min{s^+\sf«+H-^^ < G{st) < (1 + go) max{s^+\ s3"+^}G{t) 
1 + 50 

and, then using the convexity of G and this last inequality we have. 
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(G2) G{a + b) < 2f"(l + 5o)(G'(a) Va,6>0. 

As g is strictly increasing we can define g^^. Now we prove that g~^ satisfies a condition 
similar to (jl.4p . That is, 

Lemma 2.2. The function g^^ satisfies the inequalities 

(2.7) -5^4 «>«■ 

go g \t) 

Moreover, g~^ satisfies, 

(gl) mm{s^/\s^/3''}g~\t) < g^\st) < max{s^/^ , s^/^^}g-\t) 

and if G is such that G'{t) = g^^{t) then, 

m ^-^f^<Git)<tg-\t) Vt>0 

1 + 

(Gl) ii±^ mm{s'+'/\ si+i/^nG(t) < G{st) < m^^{s'+'/\ s'+'/^^}G{t) 

{g3) ah < eG{a) + C{e)G{b) y a,b> and e > small 

m G{g{t)) < goG{t) 

Proof. Let s = g~^{t), then 

t{g-')'{t) g{s) 



g-\t) g'{s)s 
and using (jl.4p we have the desired inequalities. 

Now (gl) follows by property (gl) applied to g~^, and (g2) by property (g3). (Gl) follows by 
gi and 52- 

By Young's inequality we have that ah < G{a) + G{b) and then, for < e' < 1 such that 

£=(1+50^(1+^), 

e'a^ < G{e'a) + g(^) < e G{a) + C{e)G{b). 
In the las inequality we have used (Gl) and (Gl). Thus (58) follows. 

As g is strictly increasing we have that G{g{t)) + G{t) = tg{t) (see equation (5), Section 8.2 in 
[1]) and applying (g3), we get 

G{g{t)) = tg{t) - Git) < goGit). 
Thus, (5^4) follows. □ 

In order to prove the existence of minimizers we will use some compact embedding results. To 
this end, we have to define some Orlicz and Orlicz-Sobolev spaces. We recall that the functional 

\\u\\g = M [k > : j g(^^) dx<l] 

is a norm in the Orlicz space L'^'(J7) which is the linear hull of the Orlicz class 



Kg{^) = |ti measurable : j G{\u\)dx < oo|. 
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observe that this set is convex, since G is also convex (property (g2)). The Orhcz-Sobolev space 
W^''^{Q?) consists of those functions in L'-^{Vl) whose distributional derivatives Vn also belong 
to L'^{Q). And we have that ||u||^i,g = max{||it||G', ||Vm||g} is a norm for this space. 

Lemma 2.3. There exists a constant C = C{go,5) such that, 

r/ f \i/(<5+i) / f \ 1/(90+1)1 

\\u\\g <Cmax\^U G{\u\)dxj ,UG{\u\)dxj | 

Proof. □ 

If / G{\u\) dx = then u = a.e and the result follows. If f^G{\u\) dx 7^ 0, take k = 

UN l/(<5+l) / \ 1/(90+1)1 

2{l+ go) J^G{\u\)dxJ ,[2{1 + go) J^Gi\u\)dx) }, by (Gl) we have, 

L ^(^) - + ™ { fc^' L ^('"'^ - ' 

therefore \\u\\g < k and the result follows. 

Theorem 2.1. L'^(O) is the dual ofL^{Q). Moreover, L^{Q) andW^''^{Q) are reflexive. 

Proof. As G satisfies property (Gl) and G property (Gl), we have that both pairs (G, O) and 
{G,Vt) are A— regular (see 8.7 in [Tj). Therefore we are in the hypothesis of Theorem 8.19 and 
Theorem 8.28 at |1], and the result follows. □ 

Theorem 2.2. L^(r2) ^ L^+^(i7) continuously. 

Proof. By theorem 8.12 of [1] we only have to prove that G dominates near infinity. That 
is, there exits constants k, to such that t^"*""^ < G{kt) Vt > to- But this is true by property 
(Gl). So the result follows. □ 

The following result is a Poincare type inequality. 
Lemma 2.4. If u £ W^'^{Q) with u = on dO. and G(jVii|) dx is finite, then 



/ G{\\/u\)dx for R = diamil. 
Jn 



R 

Proof See Lemma 2.2 of HI]. □ 

Now we state a generalization of Morrey's Theorem. Let 

\u{x) -u{y)\ 

[u\0,a,Q = sup , _ ,^ . 

We have the following result, 
Lemma 2.5. Let u € L°°{0,) such that for some < a < 1 and tq > 0, 



/ G(|Vn|) dx < C7r^+°-i V < r < ro 

J Br 



with Br C Then, u € G°(0) and there exists a constant Gi = Gi(G, a, A^, G(l)) such that 
[u]o,a,n < Gl. 

Proof. The proof of this lemma is included in the proof of Theorem 1.7 (pag. 346) in [13]. □ 
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Now, we will give some properties of subsolutions and solutions of Cv = div(A(Vf)) = 0, 
where A{p) = p. First, let us observe that if aij = |^ by using ()1.4p . we get 

(2.8) min{5,l}4^|eP < a^.^.C, < maxj^o, Ij^T^ieP, 

\P\ \P\ 

which means that the equation Cv = is uniformly elliptic for bounded and bounded away 
from zero. 

The next lemma is a Cacciopoli type inequality for subsolutions of Cv = 0. 
Lemma 2.6. Let v he a nonnegative weak subsolution of Cv = 0. That is, 

(2.9) 0> J g{\Vv\)-^^V(t)dx y (p e C^{n) such that ^ > 0. 

Then, there exists C = C{N,6, qq) > such that 

[ G{\Vv\)dx<C I cO^^dx 
J Br Jb ; J 

for all r > 0, such that Bi„ C ^2. 

Proof. Let = vr]^'^^'^ , where < ?? G Cl{B^^), with |Vr?| < 7, ry < 1, = 1 in Br- Then, 
V(f) = r]9o+'^\/y -)- vVrj{gQ + l)??^" and replacing in (|2.9|) we have, 

0>/" g(\Vv\)\Vv\r]3''-^'^ dx + (go + 1) [ g(\Vv\)^^Vrj v rj^'^ dx. 

Jb, Jb, |Vf| 

Then, 

/ 5(|Vt;|)|Vt;|7?so+^dx< (go + 1) / 5(|Vt;|)|V7?||t;|r?fodx, 

By property (^3) we have, 

5(|Vf |)|V??||f|7?»« < eG{g{\Vv\)r]3'') + C{e)G{\Vij\\v\). 
Then, by property (Gl) and as 77 < 1, we have, 

G{g{\Vv\)r^3o'^ < Gr,^°^^'^^'^ G{g{\Vv\)) < Cr/i+90G(| Vz;|), 
where the last inequality holds by (^4). Summing up, and using property (g3), we obtain 

G{\Vv\)r]3o+Ux<Ce [ G{\Vv\)ij3o+Ux + G{e) [ G{\Vr]\\v\) dx, 



Bz JB3 JBz 

§r fr §r 

and if we take e small and use the bound for |V?7| we have, 

[ G(\Vv\)r]^°+Ux<G [ G(\Vr]\\v\)dx <C [ G(^-^)dx. 
Jb, Jbs Jb, ^ r J 

§>■ S'- 

Finally, if we use that ry = 1 in i?^ the result follows. 

□ 
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Lemma 2.7. Let v he a weak solution of Cv = 0, that is 

g{\Vu\)^^\/(j)dx = V0€Co°°(l^). 
Then v G C^'"(r2). Moreover, there exists C = C{N, 5, qq) > such that for every ball Br C Jl, 

(1) snpG{\Vv\)<-^ [ Gi\Vv\)dx 

Br/2 ^ JB2^ 

c 

(2) sup |Vf I < — sup|f| 

Br/2 ^ Br 

For every j3 G (0, A^), there exists C = C{N, (3, 6, go, \\v\\j^aof2^A) > such that, 



(3) / G{\Vv\) < Cr^ 



Br/2 



Proof. For the proof of (1) see Lemma 5.1 of [HI and for the proof of (3) see (5.9) page 346 of 
|14j . Let us prove (2). By using (1) and then Lemma 12.61 we have, 

supG(|Vt;|)<-^ / Gi\Vv\)dx<-^ [ G(^-^)dx<G(-\\vh^^Br))- 

Br/2 ^ Jb2 JBr ^ f ' 

Then 

G 

|Vt'(yo)| < — lbllL°°(BO Vyo G 5r/2 

and the result fohows. □ 

Lemma 2.8. Let U he an open suhset, u a weak suhsolution and w a weak supersolution of 
Cu = in U. If w > u on dU then, w > u in U . If w is a solution to Cw = and w = u on 
dU then, w is uniquely determined. 



> 



Proof. 

Vu Vw 

l5(|Vn|j. 

lu 

Vu Vw 

(5(|Vnlj. 

iur\{u>w} 



g{\Vu\)^^-g{\Vw\)^^.V{u-w)+ dx 

[g{\Vu\)^^-g{\\Jw\)^^^(u-w)dx 
1 

aij{Vu + (1 - t){Vw - Vu)){uxi - Wx^){uxj - Wx.)dtdx 



iur\{u>w} Jo 

And using (12.80 we have that the right hand side is grater an equal than 

g[ [ F{\Vu + {l-t){Vw-Vu)\)\Vw-Vu\^dtdx, 

Jun{u>w} Jo 

where F{t) = Now, we take the following subsets of U 

Si = {x ■.\Vu- Vw\ < 2|Vn|}, S2 = {x £ U : \Vu - Vw\ > 2\Vu\} 
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Then Si U S2 = U and 

1 3 

(2.10) -|Vnt < |Vn + (1 - t)(Vu; - Vti)| < 3|Vii| in S*! for t > - 

(2.11) ^\Vu-Vw\<\Vu + {l-t){Vw-Vu)\<3\Vu-\/w\ in ^2 for t < ^. 
In 5i, and for t > 3/4 we have using ()2.10p . that 

F( Vii + (1 - t){Vw - Vn) ) = i {i- — -4^ > ' > F( Vu ) 

^' ^ ^'^ |V'u + (1 -t)(Vt(; - Vu)| - 3|Vn[ " 29o3 ^' 

where in the last inequality we have used (gl). 

In 5*2, and for t < 1/4 we have using (g3) and then (|2.1ip that, 

, ^ ^ ,2 G'(|Vn+ (1 - t)(Vi(; - Vn)|) _ ,2 

~ OlVii-V-uip ' ' 
^ G(|Vn- Vu;|) 



450+19(1 +ffo) 



where in the last inequality we have used (Gl). 
Therefore, we have that 

0>C(^y" F{\Vu\)\V{u-w)+\'^dx + j G{\V{u-w)+\)dxy 

Hence V(u — w)~^ = in ^2 and V(u — w)^ = 0, or F(\\/u\) = in Si in which case Vu = 
and, by the definition of ^i, this implies that V(u — w) = in Si. Therefore, V(ii — w)^ = in 
U, then (u — w)~^ = 0, which implies u < w. □ 

The following inequality will be a key tool in the proof of the Holder continuity of minimizers. 
As an observation, we mention that the following result is a generalization of well known integral 
inequalities for the p- Laplacian (see, for example, pag.4 in [7]). Here the difference is that we 
obtain a unique inequality for any 5 and go, (for the ;3-Laplacian the inequalities were separated 
in two cases p >2 and 1 < p < 2). 

Theorem 2.3. Let u G W^''^{il), Br CC 17 and v be a solution of 

Cv = in Br, V - u€WQ''^{Br). 

then 

{G{\Vu\)-G{\\/v\))dx>c( [ G{\Vu-Vv\)dx+ [ F{\Vu\)\Vu - Vvl"^ dx 
where F(t) = g{t)/t, 

Ai = {xeBr: \Vu - Vv\ < 2|Vn|} and A2 = {x e Br : \Vu - Vv\ > 2|Vn|} 
and G = G{gQ, 6). 
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Proof. Let u'^ = su + (1 — s)v. Using the integral form of the mean value theorem and the fact 
that V is an C- solution, we have, 

X : = ^ (G(|Vn|) - G(lVt-l)) d^ = 1^ 1^ g{\Vu'\)^^.V{u - v) dx ds 



(^(IV^I)^ - <7(|V^;|)^) .V(^^ - v) dxds 



sJb,.V 'iVn-l '^iVt-l 

aij{Vu' + (1 - t){Vv - Vn^))«, - t;^J«. - v^^)dtdxds. 




'0 J Br Jo 

And, by ()2.8p we have that the right hand side is grater than or equal to 

c[ - [ [ F{\Vu' + {l-t){Vv-Vu')\)\Vv-Vu'\^dtdxds. 

Jo ^ J Br Jo 

where F was defined in Lemma 12.81 and C = C{6). 
Now, we take the following subsets of Br 

Si = {xeBr: \Vu' - Vv\ < 2|V'u'^|}, S2 = {x £ Br : \Vu' - Vv\ > 2\Vu'\} 

Then SiU S2 = Br and 

(2.12) ^\Vu'\<\Vu' + {l-t){Vv-Vu')\<3\Vu'\ on 5i for t > ^ 

(2.13) ^\Vu' -Vv\<\Vu' + {l-t){Vv-Vu')\<3\Vu' -"^vl on for t < ^. 
Proceeding as in Lemma l2.8| we get 

F{\Vu^ + (1 - t)(V^ - Vn^)|) > ^Fi\Vu^\) 



in Si and 



F(|Vn^ + (1 - t)iVv - Vu^DWu^ - V.p > ^iiT^J^i /go) 



in 52. 

Therefore, we have that 



I>C( [ - [ F{\Vu'\)\Vv -Vu'\'^dxds+ [ - [ G{\Vu' -Vv\)dxds 
^Jq ^ Jsi Jo ^ Js2 

Now, let 

Ai = {x € Br-. \Vu - Vv\ < 2\Vu\}, A2 = {x£ Br-. \Vu - Vv\ > 2|Vn|}, 

then Br = Ai U A2, and 

1 3 

(2.14) -|Vti| < \Vu'\ < 3\Vu\ on Ai for s>- 

(2.15) ^|Vii - V^l < iVii^l < 3|Vu - Vt;] on ^2 for s < ^. 



A FREE BOUNDARY PROBLEM IN ORLICZ SPACES 



11 



Therefore 

^1/4 J 



^>C( [ -[ F{\Vu'\)\Vv-Vu'\'^dxds 
^Jo s JsinA2 

+ [ - [ F{\Vu'\)\Vv-Vu'\'^dxds 

1/4 . I- 

G{\Vu' -Vv\)dxds 
+ 1-1 G{\Vu' -Vv\)dxds) =1 + 11 + III + IV. 

J3/4 s Js2nAi ' 



-s J52nA2 
1 1 



Let us estimate these four terms, 

In S"! n ^2, for s < 1/4 we have by ([^1^ and (gl), that 



F{\Vu'\)>^^F{\Vu-Vv\). 



»l/4 1 

1>C\ -I F(\Vu-Vv\)\Vv -Vu'l'^dxds 



Therefore, 



■S JSiHAi 

= C s F{\Vu-Vv\)\Vv-Vu\'^dxds 
Jo JsinA2 

1-1/4 I- 

>C s G{\Vu-Vv\)dxds 
Jo JsinA2 

where in the last inequality we are using (g3). 

In SiHAi, for s > 3/4 we have by (l2lil) and (gl), that 



Therefore, 



F{\Vu^\) > ^F{\Vu\ 



II>C [ s[ F{\Vu\)\Vv-Vu\'^dxds 

J 3/4 JsiHAi 

>Cl I F(\Vu\)\Vv -Vul^dxds. 



n/4 J5inAi 

In S2 n yl2, for s < 1/4 we have by definition of S'2, by ()2.15p and (Gl), that 
G(|Vn" - Vv\) > ——r^ ^G(\Vu - Vv\), 

therefore 

^1/4 ^ 



III>C - G{\Vu-Vv\)dxds 
Jo Js2nA2 

1-1/4 r 

>C s Gi\Vu-Vv\)dxds. 
Jo Js2nA2 
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In ^2 n yli, for s > 3/4 we have, by definition of 5*2 and by (j2.14|) 
(2.16) iVu'* - Vv\ > 2\Vu'\ > \Vu\ 

By (g3), using (I2.16|) and the definition of Ai we have, 

G(|Vn" - Vv\) > -^—-g{\Vu' - Vv|)|Vn" - Vv\ > -^—-g{\Vu\)\Vu' - Vv\ 
50 + 1 50 + 1 

1 s 

F(\Vu\)s\Vu - Vf llViil > — -tF(\Vu\)\Vu - Vv\'^. 



50 + 1 ' - 2(50 + 1) 

Therefore, 

IV>c[ [ F{\Vu\)\Vu-Vv\^dxds. 
J3/4 Js2nAi 

If we sum / + III, we obtain 

I + III > [ ^ Cs( [ G{\Vu-Vv\)dx+ [ G{\Vu-Vv\)dxds) 
Jo ^JsiDAi Js2nA2 ^ 

= C s G{\Vu-Vv\)dxds = C G{\Vu-Vv\)dx 
Jo J A2 J A2 

and if we sum // + IV , we obtain 

/■3/4 f 

II + IV>C (/ F{\Vu\)\Vu-Vv\^ dx 
Ji ^JsinAi 

+ [ F{\Vu\)\Vu-Vv\'^dx)ds = G I F{\Vu\)\Vu - Vv]"^ dx. 

Js2nAi ' J Ax 

Therefore, 

(2.17) I>G(^j G{\Vu-Vv\)dx + j F {\V u\)\V u - V v\^ dx^ , 
where C = G{go,6). 



□ 



In Section 4 we will need an explicit family of subsolutions and supersolutions in an annulus. 
We state here the required lemma. 

Lemma 2.9. let Wfj^ = ee~^^^^' , for e > 0, ri > r2 > then there exists fi > such that 

Cw^ > in Br^ — 
and /i depends only on r2,go,S and N. 
Proof. First, note that 

g(Nw\) ( /g'ilVwl) , A 1^ ,21 

Computing, we have 

(2.18) w^^ = -lefiXie-f'^''^^ w^^^. = £{4:^?XiXj - 2^5ij)e"''l'^l' |Vu;| = 2e/i|x|e"^l'^l' , 
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therefore using (j2.18p and (jl.4|) we obtain, 

- -^y^i ''^-VlxN , |Vw| 4;u|xp - ,\' ' |Vw| - 1 2 - 2iV^ 



where K = IN \l < \ and X = 2(50 — 1) + 2A^ if 5o > 1- Therefore if /i is big enough, 
depending only on 6,go,r2 and A^, we have Cw > 0. □ 

3. The minimization problem 

In this section we look for minimizers of the functional J. We begin by discussing the existence 
of extremals. Next, we prove that any minimizer is a subsolution to the equation Cu = and 
finally, we prove that < u < sup tpo . 

Theorem 3.1. If J'{ipq) < 00, then there exists a minimizer of J. 

Proof. The proof of existence is standard. We write it here for the reader's convenience and in 
order to show how the Orlicz spaces and the condition (II. 4p on the function G come into play. 

Take a minimizing sequence C /C, then J{un) is bounded, so G(|Vn„|) and > 0}j 
are bounded. As Un = v^o in we have by Lemma 12.31 that ||Vti„ — V^jqIIg ^ C and by 
Lemma [2.4l we also have \\un — V'oIIg ^ C. Therefore, by Theorem 12.11 there exists a subsequence 
(that we still call u„) and a function uq G W^'^{Vl) such that 

Un uq weakly in W^''^{Q), 



and by Theorem 12.21 

Un uq weakly in W^'^^^{Q.), 

and by the compactness of the immersions T^'^'^+^($7) ^ and W^'^^^{Cl) ^ L^~^^{dfl) 

we have that, 

Un — uq a.e. ft. 
uq = (fo on d^l, 



Thus, 



\{uo > 0}| < liminf \{un > 0}\ and 

n— >oo 

G(|Vuo|)dx < liminf / G{\Vun\)dx. 
Jn 



In fact, 

(3.19) / G{\Vun\)dx> [ G{\Vuo\)dx+ [ g(\Vuo\)-^ ■ {Vun - Vuq) dx. 

Jn Jn Jn |Vno| 



we get 
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Recall that Vun converges weakly to Vuq in L'-'. Now, since by property (g4) 

G{gi\Vuo\)) <CG{\Vuo\), 
there holds that 5(|Vuo|)|f^ G L'^ so that, by Theorem O and passing to the limit in (I3.19|) 

liminf [ G{\Vun\)dx> [ G{\Vuo\)dx. 
Jn Jn 
Hence uq G IC and 

J(no) < liuiMJiun) = inf J{v). 
Therefore, uq is a minimizer of in /C. □ 
Lemma 3.1. Let u be a minimizer of J . Then, u is an £- suhsolution. 
Proof. Let e > and < S G^ . Using the minimality of u and the convexity of G we have 

< -{J{u - ei) - J{u)) < - [ G(|Vn - eV^|) - G{\Vu\) dx 



and if we take e — > we obtain 



Jn |Vu-eV4| 

0<^-5(|Vn|)^VCdx 



□ 



Lemma 3.2. Let u be a minimizer of J'. Then < n < sup^jQ- 

n 

Proof. Let M = sup(/?o, e > and v = min(M — u,0), then 
< ^ [jiu + ev) - = ^ ( ^ G{\Vu + eV7;|) - G(| Vn|) + Ax{„+..>o} - Ax{„>o} dx) 

<-(/ (G(|Vu + eVt;|) -G(jVu|)) dx) < / g{\Vu + eVv\)^^^^^^^Vv dx 

where in the last inequality we are using the convexity of G. 

Now, takeing e ^ 0, using the definition of v and {g3) we have that. 



0< [ gi\Vu\)^^Vvdx = - [ g{\Vu\)\Vu\dx<- [ G{\Vu\)dx 
G{\Vv\)dx, 



'{u>M} J{u>M} 

G{\Vv\)dx, 

l{u>M} 

therefore Vv = in $7 and as f = on we have that -y = in and then u < M. 
To prove that u > we argue in a similar way. Take v = min(ii, 0), then we have that, 

< -J{u - ev) - Jiu) < - I g(\Vu - eVul)-^^^— ^^Vvdx. 
e Jq \Vu-e\/v\ 

Therefore taking e ^ 0, using the definition of v and (gS) we have that 

0> f G{\Vv\)dx. 
Jn 

As in the first part, we conclude that u >0. □ 
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4. LiPSCHITZ CONTINUITY 

In this section we study the regularity of the minimizers of J . The main result is the local 
Lipschitz continuity of a minimizer. This result, together with the rescaling invariance of the 
minimization problem, is a key step in the analysis. Once this regularity is proven, a blow up 
process (passage to the limit in linear rescalings) at points of d{u > 0} allows to simplify the 
analysis by assuming that u is a plane solution. 

As a first step, we prove that minimizers are Holder continuous. We use ideas from [7], here 
all the properties of the function G come into play. 

Theorem 4.1. For every < a < 1, any minimizer u isinC°'{Q) and for W CC 0, < 
C, where C = C{go, 6, A, ||ti||oo5 a, dist{Q', dQ), G(l)). 

Proof. We will see that, for every < a < 1 and 0,' CC il. there exists po such that if y G ^' , 
< p < po we have that 

4 / G{\Vu\)dx<Gp^-\ 

for a constant G{N,6,go, \\u\\lo^(^q-), po,G{l)). 

In fact, let r > such that, Br{y) C Vt. We can suppose that y = 0. Then if v is the solution 

of 

Cv = Q in Br, V -u eW^'^iBr), 
we have, therefore by Theorem 12.31 that 

(4.20) / {G{\Vu\)-G{\Vv\))dx>c( [ G{\Vu-Vv\)dx+ [ F{\Vu\)\Vu - Vvl"^ dx) , 

J Br ^ Ja2 J Ai ' 

where 

Ax = {x ^Br-. |Vu - V^l < 2|Vti|}, A2 = {x ^Br : \Vu - \/v\ > 2|Vn|}, 

and C = C{go, 6). 

On the other hand, by the minimality of u, we have 

(4.21) / {G{\Vu\) -G{\Vv\))dx< X{\{v> on Br}- \{u> on Br}\)<Xr^GN ■ 

J Br 

Combining (I4.20|) and (I4.21|) we obtain 

(4.22) / G{\Vu-Vv\)dx <CXr^ 

Ja2 

(4.23) / F{\Vu\)\Vu-Vv\'^dx <GXr^ 

JAi 

Let £ > and suppose that r^ < 1/2. Then, using (g3). Holder's inequality, the definition of Ai 
and (|4.23|) we obtain, 



G{\Vu-Vv\)dx 

AiDB^i+e 

(4.24) f ^(iVnj)jVu- Vt;p(ix)^^V / G(| Vuj) dx) 



B 



l+e 



<CAi/V^/2j^ [ G{\Vn\)dx) 



1/2 
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Therefore, by K22\i and (Oil) , we get, 

(4.25) / G{\Vu-Vv\)dx <C\^/^(^X^/\^ + r^/^(^ f G{\Vu\)dxy^^ 

On the other hand by property (3) of Lemma 12.71 we have for every /? G (0, N), that there exists 
a constant C = C{5, go, N, P, such that 

(4.26) [ G{\Vv\)dx <Cr^. 
By the maximum principle we have, 

(4-27) \\v\\L^[Br) < \\v\\L°°{dBr) = \\u\\L'^{dBr) < \\u\\L°°(Br) < 

where in the last inequality we are using Lemma [2. 81 Then ||f H/^oo^^^) = ||u||j;^cx)(5^). This means 
that the constant C depends on 5, go, N, (3 and ||ti||/^oo(-5^). 

By (G2) we have, G{\Vu\) < G{G{\Vu - Vv\) + G{\Vv\)). Therefore by Km and (fOH]) . 
and for r < 1 we have, 

j G(|Vnj) dx < C(rf^{l + A) + X^/^r^/^ (^B,i+.G{\Vu\) dx^ 



1/2 



<c(r^{l + X)+r^/\l + Xy/^(^ J G{\Vu\)dx 

If we call A = f^i+e G(|Vn|) dx, we have 

A < C((l + Xy + (1 + A)1/V'3/2a1/2) < c((l + Xy + 2(1 + X)'/\^/'A'/^ 
= c((r'3/2(l + A)i/2 + Ai/2)2_^y 



therefore 

2 



(C + l)A<c(r^/2(l + A)^/2^Ai/2 

^ (C + 1)1/2^1/2 < ^1/2(^^/3/2(1 + A)l/2 + 
^ ((C + 1)1/2 _ cl/2)^l/2 < C'/2^P/\1 + A)l/2. 

Thus, we have the inequality 

(4.28) / G{\Vu\)dx<{{C + l)^/^ + C^/^fC{l + Xy 

Let now, < a < 1, and take e > such that /?:=(! + e){N - (1 - a)) < N. Take 

~ ih)^'^^^'^ ■ Then, if < /3 < po, taking r = p^^^^^^\ we have that < 1/2. And therefore 
replacing in ()4.28p we have, 

(4.29) / G(|Vn|) < ((C7+ 1)1/2 ^(7^/2)^(1 ^^)piv-{i-a) 

JBp 

and by Lemma 12.51 we conclude that for all < a < 1, n S C'^{Bp) for < p < po and 

IKIIc"(Bp) < G where G = C{N,a, go,6, X, po, ||u||L«=(n))- □ 
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We then have that u is continuous. Therefore, {u > 0} is open. We can prove the following 
property for minimizers. 

Lemma 4.1. Let u be a minimizer of J'. Then u is an C-solution in {u > 0}. 

Proof. Let B C {u > 0} and v such that 

(£.v = inB, 
]v = u in B'^. 

By the comparison principle we have that v > u in B. Thus, 

0> [ G{\Vu\)-Gi\Vv\)dx + \\{u>0}\-X\{v>0}\= [ Gi\Vu\) - Gi\Vv\) dx 

>c(^j F{\Vu\)\Vu-Vv\^dx + j G{\Vu-Vv\)dx^ 

where we are using Theorem 12.31 and Ai, A2, and F are as define therein. 
Therefore 

/ F(|Vti|)|Vn - Vfpdx = 0. 
Jai 

Thus, F{\Vu\)\Vu-Vv\^ = in ^1 and, by the definition of^i, we conclude that | Vn — Vw | = 
in this set. 

On the other hand, we also have 



/ G{\Vu-Wv\)dx = 
Jao 



IA2 

so that |Vu — Vf I = everywhere in B. 

Hence, as u = v on dB we have that u = v. Thus, Cu = in B. 

□ 

In order to get the Lipschitz continuity we first prove the following estimate for minimizers. 

Lemma 4.2. For all x G il., with 5d{x) < d{x,dil.) we have u{x) < Gd{x), where d{x) = 
dist{x, {u = 0}). The constant C depends only on N and A. 

To prove Lemma 14.21 it is enough to prove the following lemma. In this proof it is essential 
that the class of functions G satisfying condition (jl.4p is closed under the rescaling 

sg{s) 

Lemma 4.3. If u is a minimizer in Bi with u{0) = 0, there exists a constant G such that 
IKIIl°°(_Bi/4) ^ C, where G depends only on N , A, 6 and go. 

Proof. Suppose that there exists a sequence ^ K, oi minimizers in -Bi(O) such that 

?ifc(0) = and maxnfc(x) > k. 

Let dk{x) = dist(x,{nfc = 0}) and Ofc = G i?i : dk{x) < — ^ — Since Uk{0) = then 
Bi/4 C Ok, therefore 

3 3 

m/c := sup(l — \x\)uk{x) > max(l — \x\)uk{x) > -maxiifc(a;) > -k. 

Ok Bl/4 ^ Bl/4 ^ 
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For each fix k, is bounded, then (1 — when \x\ 1 which means that there 

exists Xk S Ok such that (1 — \xk\)uk{xk) = sup0^(l — \x\)uk{x), and then 

as Xk E Ok^ and 6k •= dk{xk) < — Let yk G d{uk > Ojn^i such that \yk — Xk \ = Sk- Then, 

(1) B^sMcB,, 

since if y G B2S^{yk) \y\ < 3(5fc + \xk\< 1, 

(2) Bs,{yk)cOk, 

2 

3 3 (5" 1 I I 

since if y G Bs^{yk) \y\ < -6k + \xk\ <1- -6k^ 4(2/) < < — 5 — and 
2 / / ^ o 

3 1 — Ixi I 

(3) if z G B6,{yk) ^ 1 - |z| > 1 - \xk\ -\xk-z\>l- \xk\ - -4 > 

2 z z 

By (2) we have 

(1 _ Ix;.!) 

max(l — \x\)uk{x) > ma x (1 — \x\)uk{x) > ma x Uk{x), 

where in the last inequality we are using (3). Then, 

(4.30) 2uk{xk) > rna x Uk{x). 

BSf, iVk) 

As Bs,,{xk) C {uk > 0} then Cuk = in Bs,.{xk), and by Harnack inequality in [H] we have 

(4.31) mi n Uk{x) > cuuixk). 



As Bz^ ixk) n B,, (yk) / we have by 

4 4 

(4.32) ma x Uk{x) > cuk{xk)- 

Bg^. iVk) 

Let Wk{x) = '^^^y^^ Then, WkiO) = and, by Ml and (lOl) we have, 

Uk{Xk) 

(4.33) max Wfc < 2 max > c > 0. 

Bi Bi/2 

Let now 

^ , , f Gi\Vw\ck) , \ f , , , 

^'^^'^ = Js. ^(^ + 4 

where c/,; = ^^^^^^^ so that c/^ — > oo. 
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Let us prove, that Wk is a minimizer of Jfc. In fact, for any v € W ' (Bi) with v = wj. ot^ 

y-Vk 



dBi, define Vkiy) = v{-^—^)uk{xk). Thus, Vk = Uk on dBs^/2{yk)- Then 



T / N 2^ / /■ G{\Vuk\) , A /■ , , \ 

Jk[wk) = ^[ — dy+ f . / X{«fe>o} y «y 



< 



^k^JBs,iyk) 9{ck)ck 9{ck)ck 
2^/ /■ G(|Vz;fe|)^ , A 



Tjv / — — . ^ / XK,>o}(y)c?y 



— T^^ + ^ N / X{i'>o} (?/) ax = Jfc (i)) . 

Bi g{ck)ck g[Ck)Ck Jbi 

Let 5fc(t) := where the primitive of gk is Gfc(t) = and Afc = ^(^^ ^ 0. Then, 



Jk{w) = I Gk{\Vw\)dx + \k / X{u;>o}(2^) 

Observe that for all k, gk satisfies the inequality (II. 4p . with the same constants 5 and g^. In 
fact, 

gfc(^)^ ^ g'{ckt)ckt 
9k{t) 9k{ckt) 

and then by (|1.4p applied to tck we have the desirer inequality. 

Let us take Vk G W^''^{B^/^) such that, 

(4.34) CkVk = in 

(4.35) Vk = Wk in 9^3/4 

where Ck is the operator associated to gk- By ()4.25p . ()4.28p (with e = and r = 3/4) and the 
fact that Afc — > 0, we have that 



/ Gk{\Vwk-Vvk\)dx<CXl^\ 



where C depends on 6, go, N and ||tffe||L°°(Bi) (observe that, since A^ is bounded for k large 
then the constants in (I4.25P and (14.280 are independent of Afc). We also have, by ()4.33p that C 
depends only on 5, go and N. On the other hand, by (Gl) and (g3) we have 



Gkit) 



G{tck) 



> ^M.^niin{tf«+\t'^+^} > ^ ^ ^„ min{t^»+\t^+n. 



9(cfc)cfc (1 +5'o)5(cfc)cfc ' (1+50)^ 

Therefore, 



C7A^/'> /" Gfc(|Vt/;fc- Vz;fc|)(ix 

■^53/4 



'B3/4n{|V«;fc-Vt;fc|<l} (1 + ^o)^ ■/B3/4n{|Vu>fc-Vt;fc|>l} (1 + ^o)^ 
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Hence 

Ak:= / \Vwk -Vvkf^'^ dx ^ and 

(4.36) 

Bk := / iVitJfc - Vufc|fo+^ ^ 0. 

iB3/4n{|v«>fe-Viifc|<i} 

By Holder inequality and (I4.36P we have, 

JB3/4n{|Vu.fe-Vj;fc|<l} 



therefore, 
(4.37) 



[ \Vwk - Vvkf+^ dx = Ak + Ck^ 0. 



As Wk = Vk on dB^i^ then pk = Wk — ^ Wq'^^^{B^/4^) and by (|4.37|) we have 

(4.38) Pfc ^ in W^''+\Bs/,). 
On the other hand by Theorem 14.11 we have that, 

(4.39) < C{\\wk\\Lo^^By,),9o,S,B') < C{go,6,B') \JB' CC B3/4. 

(Here again we may suppose that the constant C dose not depend on Afc, since \k 0. Also, 
recall that ||?i;fc||^oo(5^) < 2). 

As Vk are solutions of (|4.34|) by Theorem 1.7 in [T3j (see Lemma [2. 5p . we have for B' CC -B3/4 

(4.40) \\vk\\c^,<^iB') < C{N,d,go,Gk{l),dist{B',dBy^),\\vk\\Loo(^B,^,)). 

But Gfc(l) = < 1 by (g3) and \\vk\\L^(Byi) - W'^kh^idBy^) < 2. Then, this constant 

only depends on N, 6 and 50- 

Therefore by (j4.39p and (j4.40p we have that there exist subsequences, that we call for simplicity 
Vk and Wk, and functions wq, vq G C'^{B') for every B' CC B^/4, such that 

Wk wq uniformly in i?3/4, 

Vk vq uniformly in B', 

S/vk — > Vfo uniformly in B' . 

Then, 

Vwk Vwo weakly in ^^^^(^3/4) 

Pk = Wk — Vk Wq — vq uniformly in B' . 

But by (fOH]) we have pfc ^ in W^^^'^^iB'). Thus, vq = wq. 
Using Harnack's inequality of [T^, we have that 

sup Vk <C inf Vk 

Bl/2 ^1/2 

where the constant C depends only on go, S, N. Then, passing to the limit and using that vq = wq 
we have that 

sup vuq < C inf Wq. 

Bi/2 ^1/2 
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But by (j4.33p . passing to the limit again, we have that sup i(;o > c > and inf wq = since 



Bl/2 -^1/ 



2 



Wk{0) = for all k, this is a contradiction. □ 

Proof of Lemma \4-S\ Let xq G {u > 0} with 5d{xQ) < d{xQ,dO,). Take u{x) = '^(yo+^dox) ^ ^Yiqiq 
do = dist{xo, d{u > 0}) = dist{xo,yo) with yo S d{u > 0}. If we prove that 5 is a minimizer in 
Bi{0), as S(0) = and l'"""^"' = 1/4, by Lemma US] we have 



4(io / 4do 
and the result follows. 

So, let us prove that u is a minimizer in -Bi(O). As 5d{xo) < d{xQ,dQ) we have, -64^0(2/0) C 0. 
Let V € VF"^'*^(i?i(0)) and u such that v{x) = ^(yo+^^o^) ^ 'pj^gj^^ changing variables we have, 

/ G{\Vv\)dx= f Gi\Vviyo + Mox)\)dx= [ ^ilj^ 

and _ 

|{f > n 5i}| . 

As is a minimizer of in -64^0 (yo) we have, if -y = 5 on 9i?i(0), 
/ G(|Vn(2;)|)(ix + A|{n > OnSi(0)|| =/ — — dy + 

/■ G(|Vt;(y)|) , A|{^;>0nij4do(yo)}| 

-A..o(.o) <4^ ' <4^ 

G(|ViJ(x)|) + X\{v > n 5i(0)}|. 

Bi(0) 

Therefore, u is a minimizer of J7 in -Bi(O). 

□ 

Now we can prove the uniform Lipschtiz continuity of minimizers of J'. 

Theorem 4.2. Let u be a minimizer. Then u is locally Lipschitz continuous in il.. Moreover, 
for any connected open subset D CC il. containing free boundary points, the Lipschitz constant 
of u in D is estimated by a constant C depending only on N, gQ,6,dist{D,dO,) and A. 

Proof. First, take x such that d{x) < ^dist(x,9r2) and = + d{x)y) for y € i3i(0). 

By Lemma 14.31 we have n(0) < C in Bi, where C depends only on N,X,5 and g^. Since u > 
in 5^(3,) (x), jCu = in this ball. Thus Cu = in i?i(0) By Harnack's inequality u{y) < C 
in Bi/2{0) where C depends only on N,X,6 and go. Now, by property (2) in Lemma 12.71 
|Vn(0)| < C'||5||j;^ 00(5^^2) ^ where C depends only on N,\,6 and go. Since Vit(x) = V?i(0), 
the result follows in the case d{x) < idist(x,9Jl). 

Let ri such that dist{x, dQ) > ri > \/x ^ D, take D' , satisfying D CC D' CC given by 

D' = {x e n/dist{x,D) < ri/2}. 
Ifd(x) < |dist(3;,50) we proved that |Vn(x)| < C. If d{x) > ■gdist(2;, 50), thus n > Oini?n_(x) 
and (x) C D' so that |Vu(x)| < |l^i||Loo(£)/). 
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To prove the second part of the theorem, consider now any domain D, and D' as in the 
previous paragraph. Let us see that 00(^5/) is bounded by a constant that depends only on 
N, D,ri, X,6, and go (we argue as in [3] Theorem 4.3). Let tq = since D' is connected and 
not contained in {n > 0} fl il, there exists xq, ...,Xk € D' such that Xj € B^{xj^i) j = 1, k, 

Bro{xj) C {u > 0} j = 0, k — 1 and Brgixk) ^ {u > 0}. By Lemma [1]3] n(xfc) < Cvq and by 
Harnack's inequahty in [H] we have u{xj^i) > cu{xj). Inductively we obtain u{xo) < Cvq Vxq G 
D' . Therefore, the supremum of u over D' can be estimated by a constant depending only on 
N, ri. A, 6, and ^o- D 

Observe that, if we don't use Lemma [121 then we obtain that the Lipschitz constant depends 
also on 1 1 1 1^00(^2) (that is, depends also on the Dirichlet datum (po). 

5. NONDEGENERACY 

In this section we prove the nondegeneracy of a minimizer at the free boundary and the locally 
uniform positive density of the sets {u > 0} and {u = 0}. 

Lemma 5.1. Let 7 > 0, D CC 0, and C the constant in Theorem \4-^ Then, if Ci > C , Bj. d ^ 

and u is a minimizer, there holds that 

1 / /■ „A 1/7 

> Ci implies u > in Br 



r 



Br 



Proof. If Br contains a free boundary point, as u vanishes at some point xq € Br, and jVti(x)| < 

C in Br, then \u{x) — u{xq)\ < Cr, that is, u{x) < Cr in Br and then ^(^g < C which 

is a contradiction. 

□ 

Lemma 5.2. For any 7 > 1 and for any < k < 1 there exists a constant c^ such that, for any 
minimizer u and for every Br <Z^, we have 

1 / /■ „A 1/7 

< Ck implies u = in B^r, 



Br 

where depends also on N,X,go,6 and^. 

Proof. We may suppose that r = 1 and that Br is centered at zero, (if not, we take the rescaled 
function u = !i(£o±I£i)^ gy Theorem 1.2 in |14j we have 

e := sup u < c( u^^ 

where C = C{k,'j). Now chose v such that 

fCie(e-'^l-l' -e-^-') in B^\B^, 
\0 in B^. 

Here the constants /i > and Ci < are chosen so that Cv < in B^ \ B^ (see Lemma 12. 9p 
and -y = e on dB rr. Hence, v > u on dB n;, and therefore if 
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w is an admissible function for the minimizing problem. Thus, using the convexity of G, we find 
that 

/ G{\Vu\)dx + X\B^n{u>0}\ 

= J{u) - / G{\Vu\) dx + X\B^ n {u > 0}| - Ajfln {li > 0}| 
< J{w) - / G{\Vu\) dx + \\B^ n {u > 0}| - A|J] n {u > o}l 



= [ G{\Vw\)dx- [ G{\Vu\)dx 
Jb^\b^ Jb^\b^ 

</ g{\Vw\)-—^{Vw-Vu)dx = - g{\Vw\)-—^V{u-v)'^dx 

Jb^\b^ |Vu;| Jb^\b^ Nw\ 

= -/ g{\Vv\)-^V{u-v)+dx 
J{B^\B^)n{u>v} 

and as v is a subsolution we have, 

[ G(\Vu\)dx + X\B^n{u>0}\<- [ g(\Vv\)^uiydn^-\ 

Jb. JdB. |Vf| 

And, as \Vv\ < Ce we have that 

/ G{\Vu\)dx + X\B^n{u>0}\<g{Ce) [ udn^~\ 

Jb^ JdBn 

By Sobolev's trace inequality and by (58), for G{a) = A we have, 
/ u<C{N,k) / \Vu\+udx 

JdBn Jb^ 

<C{N,k)( f g(^) + / G{a)+ [ udx) 

^Jb^ V a / JB^n{«>0} Jb^ ' 

< CiN, K, A)(l G{\Vu\ + X\{u > 0} n 

where in the last inequality we are using that u dx < e\{u > 0} f] SkI- Therefore, 

j G{\Vu\)dx + X\B^n{u> 0}\ < g{Ce)C{l + e)(^j G{\Vu\) dx + X\B^n {u > 0}]^. 
So that, if e is small enough 

/ G{\Vu\)dx + X\B^n{u> 0} = 0. 
Jb^ 

Then, n = in Bf^ and the result follows. 

□ 

As a corollary we have. 
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Corollary 5.1. Let D CC Q, x e D n d{u > 0}. Then 

sup u > cr, 

Br{x) 

where c is the constant in Lemma \5.^ corresponding to k = 1/2 and 7 fixed. 

Corollary 5.2. For any domain D CC there exist constants c,C depending on N,gQ,6,D 
and X, such that, for any minimizer u and for every Br{x) C D Ci {u > 0}, touching the free 
boundary we have 

cr < u{x) < Cr 

Proof. It follows by Lemma 14.21 and Lemma 15.21 □ 

Theorem 5.1. For any domain Z) CC there exists a constant c, with < c < 1 depending 
on N, gQ,6,D and X, such that, for any minimizer u and for every Br C ft, centered on the free 
boundary we have, 

c<^l^li^<l-c 
\Br I 

Proof. First, by Corollary 15.11 we have that there exists y G Br such that u{y) > cr and as u is 
a subsolution we have by Theorem 1.2 in pTl] that 



\ 1/7 

u' dx\ > Cu{y). 



Therefore 



Now, if K is small enough, we have 
so that by Lemma |5.H we have that n > in B^^r, where k = k{Ci, c). Thus, 



\ 1/7 
u"' dx) > Ci , 



\Brn{u>0}\ ^ \B^r\ _ 



I Br I I Br I 

and K = k{Ci, c). 

In order to prove the other inequality, we may assume that r = 1. Let us suppose by 
contradiction that, there exists a sequence of minimizers in Bi, such that, G d{ui. > 0}, 
with \{uk = 0} n Bi\ = Ek ^ 0. If we take Vk € ^^^'^(-81/2) such that, 

(5.41) Cvk = in 

(5.42) Vk = Uk in 9^1/2 

Let Ai and A2 as in Theorem 12. 3|, for r = 1/2. Then we have, by (j4.2ip that 

/ G{\Vuk — Vffcl) dx < Csk and 
Ja2 



[ F{\Vuk\)\Vuk-Vvk\^dx<C£k, 
JAi 
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where C = C{6,go). By K2^ (with e = and r = 1/2) we have, 

^ GdVufe- V?;fc|)(ix<c(y^ F(|Vufc|)|Vufc-V^;fcpdx) (y^ G(|Vnfe|)) . 
Therefore, by (14.280 . there exists C independent of k such that 

[ G{\Vuk -Vvk\)dx< Ce]!^ 0. 

As Ufc = Vk on 9-Bi/2, Wk = Uk - Vk G Wq ''^"'"^(Si/s)- Thus, 

(5.43) w;fc^O mW^'^+\B,/2)- 

By Theorem 14.11 and Theorem 1.7 in [T^, we have 

ll'«fc||c°(Bi/2) < C{N,5,go,\\uk\\L^(B^^2)^^) (fo'^ ^fc smah), 
lhfc||ci."(B') < C{N,S,go,G{l),\\uk\\L'^{B^^^),a) (see (|4.27p). 

Therefore, there exist subsequences, that we call for simplicity Uk and Vk, and functions vq € 
Ci(S'), uq £ C{B') for ah B' CC B1/2 such that 

Uk — > uniformly in i?i/2 
'I'A: ^ "^0 uniformly in B' 
Vvk — > Vuo uniformly in B' 

Vuk — > Vuo weakly in iy''^^(i3i/2) 
Wk = Uk — Vk ^ uniformly in B' . 

Thus, vq = Uq. By Lemma 15.21 we have that 

uj) >C>0. 



k 

Bl/A 

Therefore, passing to the limit, we have 

1/7 



< I " > C > 0. 



On the other hand, by Harnack inequality sup^^^^ Vk < C inf b^^^ Vk and again, passing to the 
limit we have, sup^^^^ «o < C inlB^/^UQ. As uo{0) = 0, then uq = in -B1/4, which is a 
contradiction. 

□ 

Remark 5.1. Theorem 15.11 implies that the free boundary has Lebesgue measure zero. More- 
over, it implies that for every D CC il., the intersection d{u > 0} D D has Hausdorff dimension 
less than N. In fact, to prove these statements, it is enough to use the left hand side esti- 
mate in Theorem 15.11 In fact, this estimate says that the set of Lebesgue points of X{u>o} in 
d{u > 0} n is empty. On the other hand almost every point xq G d{u > 0} n D is a Lebesgue 
point, therefore \d{u > 0} f] D\ = 0. 
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6. The measure A = Cu 

In this section we prove that {u > 0} H is locally of finite perimeter. Then, we study the 
measure A = Cu and prove that it is absolutely continuous with respect to the 7i^~^ measure on 
the free boundary. This result gives rice to a representation theorem for the measure A. Finally, 
we prove that almost every point in the free boundary belongs to the reduced free boundary. 



(6.44) / g{\Vu\)—-V^ = {). 



Theorem 6.1. For every (p € C^{^) such that supp((^) d {u > 0}, 

Vu 
|Vti| 

Moreover, the application 

A(c^) :=- J^g{\\/u\)^^V^dx 

from C^{Q) into M defines a nonnegative Radon measure A = Cu with support on Qr]d{u > 0}. 

Proof. We know that u is an C— subsolution, then by the Riesz Representation Theorem, there 
exists a nonnegative Radon measure A, such that hu = A . And as Cu = in {u > 0}, then for 
any if G C^{n\d{u > 0}) 

A{^) = - g{\Vu\)-^dx = o, 

J{u>o} |Vn| 

and the result follows. 

□ 

Now we want to prove that $7 fl d{u > 0}, has HausdorflF dimension — 1. First we need the 
following lemma. 

Lemma 6.1. If Uk is a sequence of minimizers in compact subsets of Bi, such that Uk — > uq 
uniformly in Bi, then 

(1) 5{nfc > 0} ^ d{uQ > 0} locally in Hausdorff distance, 

(2) X{«fc>o} X{«o>o} ^'n. Li„^(M^), 

(3) //O € d{uk > 0}, then G d{uo > 0}. 

Proof. Here we only have to use Lemma 15.21 and Theorem 15.11 and the fact that Uk — > uq 
uniformly in compacts subsets of Bi. To see the complete proof see pp. 19-20 in j5]. □ 

Now, we prove the following theorem. 

Theorem 6.2. For any domain D CC il. there exist constants c,C, depending on N,gQ,5,D 
and X, such that, for any minimizer u and for every B^ C il., centered on the free boundary we 
have 

cr^-^ < f dA< Cr""-^ 

J Br 

Proof Let C^C^{n),C>0. Then, 

A(0 = - / VCg{\Vu\)^dx. 

J{u>0} |VU| 
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Approximating XBr from below by a sequence such that ^„ = 1 in B,^_i and 1V^„| < C^n 

71 

and using that u is Lipschitz we have that, 

/ Ve„5(|Vtx|)^dx <CnB,\^._l <C(r^-' + 0(l/n)). 
Then, as 

I indk^ I dA, 

the bound from above holds. 

In order to prove the other inequality, we will suppose that r = 1. Arguing by contradiction we 
assume that there exists a sequence of minimizers in Bi, with G i9{^ifc > 0}, and A^ = Cu^, 
such that Jg^ dAk = — 0. As the u'j^s are uniformly Lipschitz, we can assume that — > uq 

uniformly in i?i/2- Let hk = g(|Vttfc|) . Then, there exists a subsequence and a function 
ho such that /i^ ^ /iq *~ weakly in L°° {Bi/2)- We claim that /iq = g(| Vno|) . In fact, if 
Bp CC {uq > 0} then there exists a subsequence such that — > uq strongly in C^'°'{Bp). So 
that /iQ = g(|Vno|) . If Bp C {uq = 0}, then by Lemma 15.21 we have that = in Bp,^ for 
k > A;o(^)- Thus ho = = ff(|V^o|) also in this case. Finally d{uo > 0} H B1/2 has zero 
Lebesgue measure. In fact, by (1) in Lemma l6.ll every point xq G d{uo > 0} fl -B1/2 is a limit 
point of Xk G d{uk > 0} n i?i/2- Thus, 

Uq 1 > cr 

Br{xo) ' 

for any ball B.j.(xq) C i?i/2- Using this fact, and the Lipschitz continuity we have that \Br(xQ) fl 
{no > 0}| > c\Br(xQ)\ with c > 0. This implies that \d{uQ > 0} n i?i/2| = (see Remark [5T]) . 
Therefore, for all i G C^(5i/2), ^ > we have 

/ 5(|Vno|)^Ve= hm \ 5(|Vn,|)^VC. 



On the other hand, 

0. 



/ ^,dAo= lim / CdAfc < ||CI1l-(Bi/2) 1™ efc 

Therefore Aq = in -Bi/2- That is, Cuq = in i?i/2- But > and no(0) = 0, so that by the 
Harnack inequality we have uq = in i?i/2- 

On the other hand, G d{uk > 0}, and by the nondegeneracy, we have 



^1/ 



, 1/7 

ul) > 0. 



Thus, 

(, 

which is a contradiction. 



) > 



□ 

Therefore, we have the following representation theorem 
Theorem 6.3 (Representation Theorem). Let u be a minimizer. Then, 
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(1) n^-\D n d{u > 0}) < oo for every D CC 17. 

(2) There exists a Borel function q.^ such that 

Cu = qun^~^[d{u > 0}. 

i.e 

Jn |Vtt| Jnr\d{u>o} 

(3) For D CC il, there are constants < c < C < oo depending on N, gQ, 6, Q, D and A such 
that for Br{x) C D and x € d{u > 0}, 

c < qu{x) < C, cr^-i < n^-\Br{x) H d{u > 0}) < C r^-\ 

Proof. It follows as in Theorem 4.5 in [3]. □ 

Remark 6.1. As u satisfies the conclusions of Theorem \(j.'6\ the set il. Ci {u > 0} has finite 
perimeter locally in Q (see [H] 4.5.11). That is, Hu ■= —^X{u>o} is a Borel measure, and the 
total variation \fiu\ is a Radon measure. We define the reduced boundary as in [9], 4.5.5. (see 
also [8]) by, dred{u > 0} := {x S fl d{u > 0}/[z>„(x)[ = 1}, where Vuix) is the unit vector with 

(6-45) / \X{u>o} - X{y/{y-x,u^{x))<o}\ = o{r^) 

J Br{x) 

for r — > 0, if such a vector exists, and z/„(x) = otherwise. By the results in [9] Theorem 4.5.6 
we have, 

^^u = v-uJ-L^^^ldrediu > 0}. 
Lemma 6.2. ■H^~i((9{n > 0} \ drcd{u > 0}) = 0. 

Proof. This is a consequence of the density property of Theorem 15.11 and Theorem 4.5.6 (3) of 

M- □ 

7. Asymptotic development and identification of the function (/„ 

In this section we give some properties of blow up sequences of minimizers, we prove that any 
limit of a blow up sequence is a minimizer. We prove the asymptotic development of minimizers 
near points in their reduced free boundary. We finally identify the function qu for almost every 
point in the reduced free boundary. 

We first prove some properties of blow up sequences. 

Definition 7.1. Let Bp^[xk) C Q be a sequence of balls with ^ 0, Xfc — > xq G and 

u{xk) = 0. Let 

Uk{x) := —u{xk + Pkx). 
Pk 

We call Uk a blow-up sequence with respect to Bp^{xk). 



Since u is locally Lipschitz continuous, there exists a blow-up limit uq : W M such that, 
for a subsequence, 

Uk — ^ ^0 in C'ioc(^^) fo'^ every < a < 1, 
Vufc^Vno * -weakly in LJ^^(]R^), 



and uq is Lipschitz in M with constant L. 
Lemma 7.1. If u is a minimizer then, 
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(1) d{uk > 0} ^ d{uQ > 0} locally in HausdorjJ distance, 

(2) X{«fc>o} ^ X{uo>o} in Ll^{R^), 

(3) Vufc — > Vuq uniformly in compact subsets of {uq > 0}, 

(4) Vufc ^ Vuq a.e in Q, 

(5) //xfc e > 0}, i/ien € ^jiio > 0} 

(6) Cuq = in {uq > 0}. 

Proof. (1), (2) and (5) follow as in Lemma [6. II For the proof of (3) and (4) see pp. 19-20 in [3]. 
(6) follows by Lemma l4.1l and by (2) and (3). □ 

Lemma 7.2. If u[xm) = 0, Xm — > in il. Then, any blow up limit uq respect to Bp^[xm) is 
a minimizer of J in any ball. 

Proof. Let Um, uq be as is Lemma [7.H R > and v such that v — uq £ Wq''^ {Bji{0)). Let 
r] G CQ°(i?i{(0)), < 7] <1 and Vm = v + {I — r]){um — uq) then dBii{0). Therefore 



[ Gi\Vum.\) dx + \x{u^yoy < [ Gil'^v^Ddx + Xxi 
As |Vn,m| < G and Vum — > Vuq a.e, we have 



Gi\Vu„,\)dx^ / Gi\Vuo\)dx, 

Br{0) JBr{0) 

[ G{\Vvm.\)dx^ [ Gi\Vv\)dx 

and 

X{vm>0} ^ X{v>0} + X{»;<1}- 

Therefore, 

/ G(|Vno|)dx + Ax{„o>o} < / G{\Vv\) dx,+Xx{v>o} + ^X{ri<i}- 
Jbr{o) Jbr{o) 

Taking ?y such that [{ry < 1} fl i?i?(0)| — > we have the desired result. 

□ 

Let A* be such that, g{\*)\* - G{\*) = A. Then we have, 

Lemma 7.3. Let u be a minimizer in such that u = \q{x,vq)'' in B^q, with ro > 0, 
< Ao < oo and a unit vector. Then, Aq = A*. 

Proof. Let Tfr{x) = x + erj{x) with rj G G^{Bra)), and let Us{ts{x)) = u{x). Then, 

< J{u,) - J{u), 

\Bro n {ue > 0}\ = / |deti:>Te|£ix= / {1 + E diY T] + o{e)) dx 

JBrQn{(x,Uo)<0} J Bran{{x,Uo)<0} 

and 

G{\Vue\)dy 



Sr-on{«e>0} 
( 

BrQn{{x,uo)<Q} 



[ (g{\Vu\) + e(G{\Vu\)dwr] - 4^^VnZ???Vu)) dx + o(e). 
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Therefore, since = u in \ B^g, 

0<e [ f (G(|Vu|) + A)divr/ - ^^j^^VuDrjVu) dx + o(e). 

JBron{{x,ua)<0} ^ |Vu| / 

Thus, 

/ ({G{\Vu\) + A)divr? - ^S^VuDr/Vu) dx > 0. 

If we change t] by —tj and recall that Vu = — Aq fo hi {(x, i^o) < 0} we obtain, 

/ ((G(Ao) + A)div?7 - ^(Ao)Ao i^o Dr] uq) dx = 

JBron{{x,uo)<o} ^ ' 

for all 7? G C^(Sro)- 

Take r\{x) = 4>{\x\)vq with suppc/) C (— r"o,ro). Then, 

(1\YT]\X) = j — j {X,Vq) 

\x\ 

drjj ^ (P'i\x\) 
uq Di] vq = m-Q^T^Oj = [x, ^o)— i^j— = divr?. 

Hence 

(G(Ao) + A-5(Ao)Ao)divr/dx 

{{x,Uo)<0}r\Bro{0) 

= (G(Ao)+A-5(Ao)Ao) / v^odH^'-Hx) 

J{{x,uo)=0}r\Bro 

= (G(Ao) + A - 5(Ao)Ao) / H\x\) dn''-\x) 

J {{x,uo)=Qi}r\Brg 

forall,/.GCo^(-ro,ro). 

Therefore, (7(Ao)Ao — G(Ao) = A. 

Lemma 7.4. Let u ^ K, he minimizer. Then, for every xq € H d{u > 0} 
(7.46) limsup|Vn(x)| = A*. 

Proof. Let xq € iln d{u > 0} and let 

I := limsup |Vu(2;)|. 

X — 'XQ 

u{x)>0 

Then there exists a sequence — >■ xq such that 

^(zfc) > 0, \Vu{zk)\ I. 

Let yk be the nearest point to Zk on Qn d{u > 0} and let dk = \zk — yk\- Consider the blow up 
sequence with respect to B(ij.{yk) with limit uq, such that there exists 

v := lim Cfc, 
fc— >oo 



□ 
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where = , and suppose that u = ejy. Then, by Lemma lTni l). € d{uo > 0}. By Lemma 
17.1( 2) and by Lemma 1712] we have that uq satisfies Theorem 15.11 Then, cat) C {uq > 0}. 
By Lemma 17.1( 3) we obtain, 

|Vtio| < / in {uo > 0} and |Vno(— cat)! = I. 
Then, < / < oo and since, by Lemma l7. II (6), we have that uq is an C solution in {uq > 0} 
then, we have that u is locally C^'" there. Thus, there exists /i > such that |Vtio| > 1/2 in 
B^^—cn)- Let e = |y^°|_g^|| • Let v = then v satisfies the uniformly elliptic equation, 
Di{aijDjv) = where 



_ g(|V^o| 

\Vuo\ LVg(jV^xol)''^"' V iVnop 

Then, by the strong maximum principle we have Df,uo = I in cat) so that, Vuq = in 
Bfj,{—ei\i). By continuation we can prove that this is true in etv)- Then, uo{x) = l{x, e) + C 
in Cat). As uo(0) = and > in bat), we have uo(x) = l{x,e) and e = — eAr- 
Therefore Mo(a^) = —Ixn in cat). Using again a continuation argument we have that 

uq{x) = —Ixn in {xn < 0}. 

Now, we want to prove that uq = in {0 < x^ < eo} for some Eq > 0. 

We argue by contradiction. Let 

s := limsup Djyuoix' , xjy), 

and suppose that s > (s < oo since uq is uniformly Lipschitz). Let (zfc, hk) such that, hk 0'^ 
and Dj\[Uo{zk, hk) — > s, and take a blow up sequence with respect to Bh^.{zk,0) with limit 
uqq. Arguing as before, we have that uqq = sxjy for xat > 0. On the other hand, we have 
uqq = —Ixjsf for xi\f < 0. By Lemma 17.21 unn is a minimizer, and as all the points of the form 
(a::',0) belong to the free boundary, we get a contradiction to the positive density property of 
the set {uqo = 0}(Theorem 15.11) . 

Therefore, s = 0. But this implies that uo{x',xn) = o{xn) as xn \ 0"*". Thus, for all e > 0, 
ho > 0, 

1 / /■ \ 1/7 

~ T '^o < ^ if 2;o = ivo, ho) and r = ho 

r Vy Brixo) ' 

for r small enough independent of yo- Then, by the nondegeneracy property, we have that mq = 
in {0 < XAf < eo}- 

Now, by Lemmas 17.21 and 17.31 we conclude that I = X*, and the result follows. □ 

Now we prove the asymptotic development of minimizers. We will use the following fact. 

Remark 7.1. Observe that in {|Vii| > c}, u satisfies a linear nondivergence uniformly elliptic 
equation, Tu = of the form 

(7.47) Tv = bij{Vu)DijV = 

where 

and the matrix bijiVu) is /^-elliptic in {|Vn| > c}, where /? = maxjmaxl^fQ, l},max{l, 1/5}}. 
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Theorem 7.1. Let u he a minimizer. Then, at every xq G dred{u > 0}, u has the following 
asymptotic development 



(7.49) u{x) = X*{x - xq^v^xq)) +o{\x-xo\). 

where i^(xo) is the outer unit normal to d{u > 0} at xq. 

Proof. Take i?p^. (xq) balls with pfc — > and Uk be a blow up sequence with respect to these balls 
with limit uq. Suppose that i^u{xo) = cat. 
First we prove that 

!uo = in {xn > 0}, 
tio > in {xn < 0}. 

In fact, by Lemma [7H X{nfe>o} converges to X{«o>o} in Lj^c- On the other hand, X{uk>o} 
converges to X{xff<o} ^}oc (|6.45p . It follows that = in {xtv > 0} and uq > a.e in 
{xN < 0}. 

If Uq were zero somewhere in {xat < 0} there should exist a point x in {xat < 0} n d{uQ > 0}. 
But, as Uq is a minimizer, for < r < |x7v|, 

\Br{x)n{uo = 0}n{xN <0}\ ^ 

\m\ -'^"^ 

Since this is a contradiction we conclude that uq > in {xn < 0} and therefore Cuq = in this 
set. Since uq = on {xn = 0}, we conclude that uq G C^'"({xAr < 0}) (see [H]). Thus, there 
exists < Aq < CX3 such that 

no(x) = Aqx^ + o{\x\). 

By the nondegeneracy of u at every free boundary point (Lemma 15. 2p we deduce that Aq > 0. 

Now, let uqq be a blow up limit of uq. This is, noo(x) = lim '^^irnx) ^j^j^ _^ q xhen, 
uqo = Aqx]^. Since uqq is again a minimizer, Lemma E3] gives that Aq = A*. 

Let us see that actually uq = A*x^. In fact, by applying Lemma mi we see that |Viio| < A* 
and thus, uq < \*x~^. Since the function w = \* solution to 

Tw = hijWx^x-j =0 in {xn < 0} 

id 

with bij as in (17.480 and uq is a classical solution of the same equation in a neighborhood of any 
point where |Vuo| > 0, and since uq < w in {x^ < 0}, uq = w in {xj\f = 0}, there holds that 
either uq = w or uq < w. In the latter case, there exists 5o > such that 

{w - uo){x) > -5o XN + o(|x|). 

But {w — uq){x) = o(|x|). Thus, uq = w = A*x^. 

Finally, since the blow up limit uq is independent of the blow up sequence pk , we deduce that 

u{x) = \*{x - Xq, Z^(xo))~ + o(|x - Xo|). 

□ 

Lemma 7.5. For T-i^~^— almost every point xq in d,red{u > 0} there holds that, 

\qu-qu{xo)\dn^^^ =o{r^~^), as r ^ 



L 



Br{xo)r\d{u>0} 
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Proof. It follows by Theorem 16.31 (3) that Qu is locally integrable in ^ and therefore almost 
every point is a Lebesgue point. □ 

Lemma 7.6. Let u be a minimizer, then for TC^~^ a.e xq G dred{u > 0}, 

qu{xo) = g{X*). 

Proof. Let uq be as in Theorem 17. II Now let 



= min (2(1 - -i^, l)^r]{xi,...,XN-i) 



where r] G C^{B'j.), (where B'^. is a ball (A^ — 1) dimensional with radius r) and rj > 0. Proceeding 
as in [3], p. 121 and using Lemmas 17.11 and 17.51 we get for almost every point xq G dred{u > 0} 
and Uq = limr^o "^^"^'"^^ that, 

(7.50) - / g(\x/uo\)^^VCdx = q4xo) [ e(^',0)d7^^-i V U C^iBr), 

JBrn{xN<o} IV-uol Jb'^ 

where we have assumed that z^(xo) = cat. 

By Lemma [7T| uq = X*xJ^. Substituting in ()7.50|) we get 

g{X*) [ e(x,0)d7^^^^=(7n(xo) / C(x',0)d?^^-i ^ ^ ^ ^co(^^)_ 
Jb',. Jb'^ 

Thus, qu{xo) = g{X*). □ 
As a corollary we have 

Theorem 7.2. Let u be a minimizer, then for 7i^~^ a.e xq G d{u > 0}, the following properties 
hold, 

Quixo) = g{X*) 

and 

u{x) = X*{x- xq, Uu{xo))~ + o{\x - Xo\) 
where X* is such that, g{X*)X* — G{X*) = X. 

Proof. The result follows by Lemma 16.21 and by Theorem 17.11 □ 

8. Weak solutions 

In this section we introduce the notion of weak solution. The idea, as in is to identify 
the essential properties that minimizers satisfy and that may be found in applications in which 
minimization does not take place. For instance, in [T7] we study a singular perturbation problem 
for the operator C and prove that limits of this singular perturbation problem are weak solutions 
in the sense of Definition 8.2. In the next section, we will prove that weak solutions have smooth 
free boundaries. In this way, the regularity results may be applied both to minimizers and to 
limits of singular perturbation problems. 

With these applications in mind, we introduce two notions of weak solution. Definition 8.1 is 
similar to the one in [3] for the case C = A. On the other hand, as stated before. Definition 8.2 
is more suitable for limits of the singular perturbation problem. 

Since we want to ask as little as possible for a function u to be a weak solution, some properties 
already proved for minimizers need a new proof. We keep these proofs as short as possible by 
sending the reader to the corresponding proofs for minimizers as soon as possible. 
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One of the main differences between these two definitions of weak solution is that for weak 
solutions according to Definition 8.1 almost every free boundary point is in the reduced free 
boundary. Instead, weak solutions according to Definition 8.2 may have an empty reduced 
boundary (see, for instance, example 5.8 in [3]). 

In the sequel A* will be a fixed positive constant. 

Definition 8.1 (Weak solution I). We call u a weak solution (I), if 

(1) u is continuous and non-negative in and jCu = in ^iD {u > 0}. 

(2) For D CC there are constants < Cmin < Cmax, 7 > 1; such that for balls Br{x) C D 
with X G d{u > 0} 

1 / /■ \ 1/7 

Cm.in 



■mm \ J ^ "'•^ I ^max 

r V7 Brix) ' 



(3) 

£u = 5(A*)H^-H9red{n>0}. 

i.e 

- [ g{\Vu\)^Vipdx= [ M^dn''-' V(^G c^{n) 

Jn Jnndred{u>o} 

(4) 

limsup |Vti(x)| < A*, for every xq € Qn d{u > 0} 

X — >xq 

u{x)>0 

Definition 8.2 (Weak solution II). We call u a weak solution (11), if 

(!) u is continuous and non-negative in and Cu = in ^ID {u > 0}. 

(2) For D CC 0, there are constants < Cmm < Cmax, 7^1; such that for balls Bj.{x) C D 
with X G d{u > 0} 

Cmin ^ ~ ( I u'^dx I ^ Cmax 

r Br{x) ' 

(3) For'H^~^ a.e xq G dred{u > 0}, u has the asymptotic development 

u{x) = \*{x - xo, iy{xo))^ + o{\x - Xo\) 
where ^{xq) is the unit exterior normal to d{u > 0} at xq in the measure theoretic sense. 

(4) 

limsup |Vti(x)| < A*, for every xq G n d{u > 0} 

X — >-xq 

u[x)>0 

(5) For any ball B C {u = 0} touching (1 d{u > 0} at xq we have, 

lim sup — — — — > A . 

x^xo dist[x, B) 

Lemma 8.1. If u satisfies the hypothesis (1) of Definitions (18. ip and (18. 2|) then u is in Wl^^{Vl) 
and A := Cu is a nonnegative Radon measure with support in 0,0 d{u > 0} (in particular, u is 
an C— subsolution in il.). 
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Proof. Since Cu = in Qri{u > 0}, then u is in C^'"' in Qr]{u > 0}. For s > 0, take v = {u—s)~^. 
Let T] G C§°{n) with < r? < 1. We have, 



^(iVnj) 



\Vu\ 



f^n{n>s} 



iVnl 



Therefore, 
(8.51) 



/ r^3^^+^g(\Vu\)\Vu\ dx < {go + 1) / g{\Vu 

jQr\{u>s} Jnr\{u>s} 



nr\{u>s} 



-VuS/t] dx. 



I) V \ri\^° |Vr/|, dx 



by ( |ff3| ), (Gl) and ( [g4| ) we obtain, 

5(|Vn|)|r?nz;||V77| <eG(g(jV^x|)|77r) + C(e)G(|7;||Vr?|) 

< Ger?3"+iG(5(|Vn|)) + C(e)G(|t;||V7?|) 

< GeG(|Vn|)7?f«+i + G(e)G(|i;||Vr/|). 

Then, using (g3), (I8.5ip and choosing e small enough, we have that 

! r]3o+^G{\Vu\)dx <C [ G{\v\\Vr]\)dx <C [ G{\u\\Vr]\)dx. 

Jnn{u>s} Jnn{u>s} Jn 

Then, letting s — > yields the first assertion. 



To prove the second part, take ^ G Cq^{Q) nonnegative, e > and v = max I min (l, 2 j , I . 



As Cu = in {n > 0}, we have that, 



Us 



/ 

Jn 



g(|V^I 
iVul 



■VuVCdx 



g(|V^I) 
|Vn| 

g(iv^l) 

iVnl 



5(|Vn|) 



|Vn, 
5(|Vn|) 



VuV(C(l -u)) dx + 

Jn 

VuV{Cv) dx 



Qn{o<u<2£} 



VuV{iv) dx 



< 2 

< 2 



5(|Vn|)|Ve|dx + 



'nn{o<«<e} 



Vu 



-VuV^dx 



r2n{£<M<2e} 



nn{o<u<e} 



<7(|Vn|)|Ve|dx 



gi\Vu\)\VC\dx, 



lQn{0<u<2e} 

which tends to zero when e — > yielding the desired result. 



□ 



Now we will prove as in Theorem 15. 11 the density property of the set {u > 0} at free boundary 
points. It is not true in general, for weak solutions satisfying only properties (1) and (2) of 
Definitions 18.11 or 18.21 that the set {u = 0} has positive density at T-L^~^— almost every free 
boundary point (see examples in [3]). 

Theorem 8.1. For any domain D CC there exists a constant c, with < c < 1 depending on 
N,'y, gQ,6, D, Cmm and Cmax, such that, for any function u satisfying (1) and (2) of Definitions 
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\8.1\ and \8.2\ and for every B,. C D, centered at the free boundary we have 

\Br n {u > 0}| 



\B,p I 



> c 



Proof. The proof follows as in Theorem 15.11 the only difference here is that, instead of using 
Lemma l5. II and 15.21 we use property (2) of Definitions [8T] and W?2\ □ 

Remark 8.1. Now, by Remark 15. II we have that the free boundary has Lebesgue measure zero. 
Moreover, for every Z) CC the intersection d{u > 0} fl D has Hausdorff dimension less than 
N. 

Lemma 8.2. If u satisfies hypothesis (1) and (2) of Definitions ()8.ip and (j8.2p then 

(1) u is Lipschitz and for any domain D CC O, the Lipschitz constant depends only on 
N,j,gQ,6,dist{D,dil,) and Cmax, provided D contains a free boundary point. 

(2) For any domain D CC il. there exist constants c, C depending on N,'y,gQ, S, D, Cmin o,nd 
Cmax I such that, for every B^ C D centered at the free boundary we have 

cr^-'< I dA<Cr''-\ 

J Br 

Proof. The proof of (1) is similar to the one in Theorem 14.21 The only change that we have to 
make here is the following, instead of using Lemma [4.2l we have to use property (2) of Definitions 
18.11 and 18.21 We give the proof for the readers convenience. 

Let d{x) = dist(x,0 fl d{u > 0}). First, take x such that d{x) < ^dist(x,50). Let y G 
d{u > 0} n dB^(^^){x). As > in B^(^x^{x), Cu = in that ball and u is an C— subsolution 
in -63^(3.) (y). By using the gradient estimates and Harnack's inequality of [13] (see Lemma |2.7|) 
and property (2) of Definitions 18.11 and 18.21 we have, 

|Vn(x)|<C-^ sup u<C-^ sup u<C-^(J u'dxV^^ <CCr, 

So, the result follows in the case d{x) < idist(x,5f]). 

Let ri such that dist{x, dQ) > ri > Vx G take D' , satisfying D CC D' CC given by 

D' = {x e n/dist{x,D) < ri/2}. 

Let X ^ D. If d{x) < ^dist(x,9r2) we have proved that |Vn(x)| < C. 

If d{x) > idist(x,5il), li > in -Bii(x) and Bn.{x) C D' so that \Vu{x)\ < ^ ||n||ioo(£)/). 

To prove the second part of (1), consider now a connected domain D that contains a free 
boundary point and let D' as in the previous paragraph. Let us see that ||u|1loo(d') is bounded 
by a constant that depends only on iV, 7, Z), ri. A, 5, and gQ. Let ro = ^ and xq G D. Since 
D' is connected and not contained in {n > 0} n Q, there exists xi,...,Xk G D' such that 
Xj G i?!:o(xj_i) j = l,...,k, Brgixj) C {u > 0} j = 0,...,k — 1 and Bro{xk) 'Z {u > 0}. Let 
2/0 € d{u > 0} n Brgixk). As u is an C— subsolution, by Theorem 1.2 in [T3] there exists C 
depending on N,j,6,go such that, 

u{xk) < C'f/ u'^dx) < CCmaxTo, 

where in the last inequality we have used property (2) of Definitions 18.11 and 18.21 By Harnack's 
inequality in [l^ we have u{xj+i) > cu{xj). Inductively we obtain u{xq) < CrQ Vxq G D' . 



^niax • 
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Therefore, the supremum of u over D' can be estimated by a constant depending only on 
iV,7,ri, A,5, and go- 
In order to prove (2) we use that Lemma |6 . 1 1 holds if uj. is a sequence of functions satisfying 
properties (1) and (2) of Definitions [8TT] and [8^2] with the same constants Cmin and Cmax- Then, 
the rest of the proof follows as in Theorem 16.21 □ 

Remark 8.2. Now, we are under the conditions used in the proof of Theorem 16. 31 and therefore 
this result applies to functions u satisfying properties (1) and (2) of Definition 18. II and 18.21 This 
is, ^r\d{u > 0} has finite perimeter and there exists a Borel function Qu defined on 0,r]d{u > 0} 
such that Cu = qun^~^[d{u > 0}. 

As u satisfies the conclusions of Theorem 16.31 then Remark 16. II also holds. We also have that 
any blow up sequence satisfies the properties of Lemma 17.11 

Moreover, we have the following result that holds at points xq € dred{u > 0} that are Lebesgue 
points of the function g„ and are such that 

(Here B'{xo,r) = {x' € R^-^ /\x'\ < r}). 

Recall that — a.e. point in dred{u > 0} satisfies (18.520 (see Theorem 3.1.21 in [9]). 

Lemma 8.3. If u is a function satisfying properties (1), (2) and (3) of Definition \8.i\ or \8.B 
we have that qu{xo) = g{X*) for Tl^~^ a.e xq G dred{u > 0}. 

Proof. Clearly, we only have to prove the statement for weak solutions (II). 
If u satisfies (3) of Definition 18.21 take xq € dred{u > 0} such that 

u{x) = \*{x - Xq, I^(xo))^ + 0{\x - Xo\). 

Take pk — > and Uk{x) = -^u{xq + Pkx). If G Cq^{^) we have 

-/ g{\Vu\)^Vidx= f q^{x)Cdn^-\ 
J{u>o} Jd{u>o} 

and if we replace ^ by S,k{x) = pkC ( ) with ^ G C^{Bji), k > ko and we change variables we 
obtain, 

-/ g{\Vuk\)^^V^dx= [ Quixo + Pkx)^dn'^'\ 

J{uk>0} IV-Ufcl Jd{uk>0} 

Now, recah that for a subsequence, X{uk>0} ^ X{xn<0} in ^ioc(^^^) and g{\Vuk\)^^ 
9i\^^o\)^ *- weakly in L£',(K^). Thus, 



/ 



5(|Vn,|)^Vedx- / g(\Vuo\)^V^dx 



On the other hand, d{uk > 0} — > {xat = 0} locally in Hausdorff distance. Then, if xq is a 
Lebesgue point of Qu satisfying (j8.52p , 



N-l 



(8.53) / quixo + Pkx)^dn^-^ ^quixo) [ ^dH 

Jd{uk>0} J{xm=0} 

As, Vuo = — A*eArX{xjv<o}) we deduce that for almost every point xq G dred{u > 0}, quixo) = 
g{X*). □ 
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Now we prove the asymptotic development for weak solutions satisfying Definition 18. 1[ 

Lemma 8.4. If u satisfies (1),(2), (3) and (4) of Definition \8.1l then for xq € dred{u > 0} 
satisfying ()8.52p . u has the following asymptotic development 

(8.54) u{x) = X*{x - Xq, i^ixo))^ + o{\x - Xo\) 

where i^(xo) is the unit outer normal to the free boundary at xq. 

Proof. Let xq G dred{u > 0} and let pk 0. Let Uk{x) = -^u{xq + p^x) be a blow up sequence 
(observe that Uk is again a weak solution in the rescaled domain). Assume that Uk uq 
uniformly on compact subsets of M^. Also assume that i'{xq) = e^r- As in the proof of Theorem 
17.11 we deduce that 

Uq > in {xjv < 0} 
no = in {xjv > 0}. 

Let us see that mq > in {xat < 0}. To this end, let D CC {xat < 0} and let ^ G C^{D). For 
k large enough, 



(8.55) -/ g(\Vnk\)^V^dx= [ g{\*)i{x)dn' 



,N-1 

'{«fc>0} Jdre.d{Uk>0} 

As in [3], p. 121, we have that for every xq G S^edl^ > 0} satisfying (|8.52|) . 

/N~li 



W^~'(9{ufc > 0} nL>) ^ asfc^oo. 
Thus, the right hand side of (j8.55|) goes to zero as k ^ oo. Since the left hand side goes to 



/.(|v„„|)^V5d. 



we deduce that Cuq = in {xjy < 0}. Thus, uq > in {x]\f < 0}. 
As in Theorem 17.11 we have that there exists < Aq < cjo such that 

uo{x) = XqxJj + o(|x|). 

By property (2) of Lemma l7. II we have that 

X{«fe>o} ^ X{xN<o} hi L[^c(M^) as A; ^ oo. 

Let now C G C^(IR^) in (f835]) . Passing to the limit as ^ oo and using Lemma l7. II (1) we 
get, 

-/ <7(|Vno|)^Vedx= / giX*)a^)dn''-\ 

Replacing ^ by r^{x/r) with r — > 0, using the fact that ^UQ{rx) Xox~^ uniformly on compact 
sets of R-^, changing variables and passing to the limit we get 

g{Xo) [ iNdx = g{X*)f i{x)d'H''~\ 

J{xN<0} J{xN=0} 

Thus, Ao = A*. 

At this point we proceed as in Theorem 17.11 to deduce that actually uq{x) = X*x~^ (observe 
that here we are using property (4) of Definition 18. ip . As the blow up limit uq is independent 
of the blow up sequence pk we conclude that u has the asymptotic development ()8.54p . □ 

Now we prove the property that we mentioned in the introduction to this section. The 
following lemma only holds for weak solutions satisfying Definition 18.11 
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Lemma 8.5. If u satisfies (1), (2) and (3) of Definition \8.1\ 

(1) n''-\d{u>Q]\dred{u>Q})=G 

(2) |D n {ti = 0}| > for every open set D dVt containing a point of {u = Q}. 

(3) For any hall B in {u = 0} touching il. fl d{u > 0} at xq, there holds that, 

X^Xq UlSLyX, £3 ) 

Proof By [9], 4.5.6 (3) we have, 

(8.57) \^Xu\{Br{xo)) = o{r^-^) for r ^ 

for Ti^^^ almost all points xq € d{u > 0} \ dred{u > 0} (Recall that fiu = — Vx{n>o}) • Assume 
there exists xq £ d{u > 0} \ dred{u > 0} satisfying (j8.57p . Therefore, if uq is a blow up limit 
with respect to balls Bp^{xQ), we obtain for G C(^{Bi) that. 



/ gi\Vuo\)^V^dx^ - [ gi\VUk\)^^V^dx 



= Pr^(A*)/ d'-^)dn^-' 

Jdred{u>0}nBp^(xo) ^ Pk ^ 

= pI-^(a*) / e(^^)^iM.i(x) 

JBp^ixo) ^ Pk ' 

<C/.fc~'^|A^„|(i?p,(xo))-0, 

therefore £uo = 0. Since mo(0) = 0, we must have no = 0, but this contradicts the nondegeneracy 
property (2) of the Definition 18.11 Therefore (1) holds. 

To prove (2), suppose that X{m>o} = 1 almost everywhere in Z?, hence the reduced boundary 
must be outside of D. Then by Definition 18.11 (3) the function du = in and therefore n is 
positive. Hence n {u = 0} = 0. 

In order to prove (3), Let I be the finite limit on the left of (j8.56p . and — > with n(yfc) > 
and 

4 = dist(yfc,i?). 

Consider the blow up sequence with respect to Bii^{xk), where Xk € dB are points with 
\xk — yk\ = dk, and choose a subsequence with blow up limit uq, such that 

,. Xk - yk 
e := hm — 

k—>oo dk 

exists. Then by construction, since I > by nondegenaracy, no(— e) = I, and uq{x) < —l{x, e) for 
X • e < 0, uq{x) = for X • e > 0. Both, uq and e)~ are L solutions in {uq > 0}, and coincide 
in — e. Since / > 0, and |Vno| > //2 in a neighborhood of — e, we have that L is uniformly elliptic 
there. Then we can apply the strong maximum principle to conclude that they must coincide 
in that neighborhood of — e. By a continuation argument, we have that uq = l{x,e)~ . 
By the Representation Theorem, V 93 G Cq^{Bi), f >0 

[ ipqu,dn''-' = - [ g{\Vuk\)^^V^dx^- I g{\Vu,\)^V^dx 

, . Jd{uk>0} \\/Uk\ JuN \\/Uo\ 

(8.5oj „ 

= g{l) y.dn''-' 

J{{x,e)=0} 
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and 



ifdn^-^ > [ ip{e.uu,)dn 



■N-l 




J{{x,e)=0} 

Therefore, for weak solutions of type I and II we have, 

g{l) > hminf 



{(^,e><0} 



de^p dx 



Now, if ti is a weak solution of type I we have, that qu{x) = g{X*) for Ti ^— a.e x G Qr\d{u > 
0}. Thus, g{l) > g{X*) and I > X* . 



We then conclude. 

Theorem 8.2. Ifu satisfies (1), (2) (3) and (4) of Definition \8.1\ then for H^~^ a.e xq € d{u > 
0}, u has the asymptotic development (I8.54p 



Remark 8.3. Now we have that with the additional hypothesis (4), weak solutions (I) satisfy the 
same properties that we proved in the previous section for minimizers (with the only difference 
that in (4) we have a less than or equal instead of an equal). The extra hypothesis (5), in the 
definition of weak solution (II) (which always holds, by Lemma 18.51 for weak solutions (I)) is 
used in key steps of the proof of the regularity of the free boundary. On the other hand, observe 
that minimizers have the asymptotic development ()8.54p at every point in their reduced free 
boundary, but we only proved that this development holds at almost every point of dred{u > 0} 
when n is a weak solution. 



In this section we prove the regularity of the free boundary of a weak solution u in a neighbor- 
hood of every "flat" free boundary point. In particular, we prove the regularity in a neighborhood 
of every point in dred{u > 0} where u has the asymptotic development ()8.54|) . Then, if n is a 
minimizer, dred{u > 0} is smooth and the remainder of the free boundary has Ti^^^— measure 
zero. 

We will recall some definitions and we will point out the only significant differences with the 
proofs in for the case G{t) = t^. The rest of the proof of the regularity then follows as sections 
6, 7, 8 and 9 of [7]. The main differences with [7] come from the fact that we don't assume 
the locally uniform positive density of the set {u = 0} at the free boundary. This is a property 
satisfied by minimizers that is not know to hold, in principle, for weak solutions that appear in 
a different context. This uniform density property implies, in particular, that TL^~^— almost 
every point in the free boundary belongs to the reduced free boundary and this is a very strong 
assumption that we don't want to make. 

Remark 9.1. In [^, section 6, 7 and 8 the authors use the fact that when |Vtt| > c, u satisfies 
a linear nondivergence uniformly elliptic equation, Tu = 0. In our case we have that when 
I Vn| > c, ti is a solution of the equation defined in Remark 17. II As in those sections the authors 



□ 



Proof. It follows by Remark 18.21 and Lemmas 18.41 and 18. 5[ 



□ 



9. Regularity of the free boundary 
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only use the fact that this operator is hnear and uniformly elliptic, then the results of those 
sections in [7| extend to our case without any change. 

For the reader convenience, we will sketch here the proof of the regularity of the free boundary 
by a series of steps and we will write down the proof in those cases in which we had to make 
modifications. 

9.1. Flatness and nondegeneracy of the gradient. 

Definition 9.1 (Flat free boundary points). Let < aj^,a^ < 1 and r > 0. We say that u is 
of class 

if 

(1) Oed{u> 0} and 

u = 

u{x) > -X*{XN + cr 

(2) |Vti| < A*(l + t) in Bp. 
// the origin is replaced by xq and the direction cn by the unit vector v we say that u is of class 
F{a+,a-;T) in Bp{xo) in direction v. 

It is in the proof of the following theorems where we strongly use the extra hypothesis (5) of 
weak solution (II) (which is always satisfied by weak solutions (I)). For the details see Section 6 
in [7]. 

Theorem 9.1. There exists ctq > and Co > such that 

u G F{a, 1; cr) in Bi implies u G F{2a, CqO"; a) in B1/2 

for < cr < (To . 

Proof. It follows as in the proof of Theorem 6.3 in |7j by Remark 19.11 □ 
Theorem 9.2. For every 6 > there exists as > and C5 > such that 

u € F{a, 1; cr) in Bi implies |Vti| > X* — 6 in B1/2 H {xn < — C50"} 
for < a < as- 
Proof. It follows as in the proof of Theorem 6.4 in [7] by Remark 19.11 □ 

9.2. Nonhomogeneous blow-up. 

Lemma 9.1. Let Uk S F{ak, crk^Tk) € Bp^ with ak 0, rua^"^ — > 0. For y G B[, set 

fkiy) = sup{/i : ipky,(^kPkh) G d{uk > 0}}, 
fkiy) = '■ {Pky,cfkPkh) € d{uk > 0}}. 

Then, for a subsequence, 

(1) f{y) = limsup z^y f^{z) = liminf z~,y f^{z) for all y e B[. 

fc— ♦oo fc— ♦oo 

Further, f^^f,f^^f uniformly, /(O) = 0, |/| < 1 and f is continuous. 

(2) / is subharmonic. 



in Bn 



for XN > <J+p, 
.p) for XN < -a-p. 
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Proof. (1) is the analogue of Lemma 5.3 in [5]. The proof is based on Theorem 6.3 and is 
identical to the one of Lemma 7.3 in [3]. 

The proof of (2) is a little bit different since here we don't have in general that Quki^) = 9i^*) 
Ti^"^ — a.e point in 0{m/^. > 0}. Instead, we have that this equality holds for 7i^^^ — a.e point 
in dred{uk > 0}. 

We may assume by replacing by = —Uk{pkx), that pk = 1. Let us assume, by contra- 
diction that there is a ball i?p(yo) C B[ and a harmonic function <^ in a neighborhood of this 
ball, such that 

g> f on dB'p{yo) and f{yo) > g{yo). 

Let, 

Z+ = {xeBi/x = (y, h), y G B'^iyo), h > cTfcg(y)}, 

and similarly Zq and Z~ . As in Lemma 7.5 in [3], using the same test function and the Repre- 
sentation Theorem 16.31 (see Remark 18. 2p we arrive at. 



(9.60) / g(^\s/uk\)^^-udn''''= I qu,{x)dn''-\ 
{ufe>o}nZo ivufci Jd{uk>Q}r\Z+ 

As Uk € F{ak, crk,Tk) we have that |Viifc| < A*(l -|- r^) and, by Lemma [8.31 there holds that 
Quki^) = 9{^*) for 7i^~^ — a.e point in dred{uk > 0}. Then, by ()9.60p we have, 

(9.61) 5(A*)7i^~'(a,ed{nfc > 0} n Z+) < g{\*{l + Tk))n''^\{uk > 0} n Zq). 
On the other hand, by the excess area estimate in Lemma 7.5 in we have that, 

H''-\dredEk n Z) > W^-^Zo) + cal 

where Z = B'p{yo) x R and Ek = {uk > 0} U Z". 
We also have, 

n^-\dredEk r\z)< n^-\z+ n dred{uk > o}) + n^-Hzo n K = o}). 

Using these two inequalities and the fact that TC'^~^{Zq n d{uk > 0}) = (if this is not true we 
replace g hy g + cq for a small constant cq) we have that, 

(9.62) n^'-^drediuk > 0} n z+) > n^'-Hzo n K > o}) + cal 

Finally by (Mm\\ and H^mh we have that, 

g{x*)[n''~\{uk > 0} n Zo) + cal] < 5(A*(i + nm^'-^iuk > 0} n Zo). 

Therefore, for some positive constant c we have 

g{X*{l + Tk))-g{X*) 



c < 



and this contradicts the fact that >OasA;— >oo. □ 



Lemma 9.2. There exists a positive constant C = C{N) such that, for any y G 

"1/4 I 



[ \(i f-f{y))<Ci. 



9B',{y) 

Proof. It follows as in Lemma 8.3 at [7] , by Remark 19. II and Theorem 19. 2[ □ 

With these two lemmas we have by Lemma 7.7 and Lemma 7.8 in [3], 
Lemma 9.3. (1) / is Lipschitz in By^^ with Lipschitz constant depending on Ci and N. 
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(2) There exists a constant C = C[N) > and for < < 1, there exists cg = c{9, N) > 0, 
such that we can find a ball B'j. and a vector I € M^^^ with 

Q 

ce ^ r < 9, \l\ < C, and f{y) < l.y + — r for \y\ < r. 

And as in Lemma 7.9 in [3] we have, 
Lemma 9.4. Let 9, C, cg as in Lemma \9.3l There exists a positive constants ctq, such that 

(9.63) u € F{a, a; r) in Bp in direction v 
with a < ag, r < aga"^ , implies 

u € F{9a, l;r) in Bp in direction v 
for some p and v with cgp < p < 9p and \i> — < Ca, where ag = crg(9, N). 
Lemma 9.5. Given < 9 < 1, there exist positive constants ag, cg and C such that 

(9.64) u S F{a, 1; r) in Bp in direction v 
with o <ag and r < crga'^, then 

u € F{9a, 9a; 9'^t) in Bp in direction v 

for some p and v with cgp < p < \p and — u\ < Ca, where cg = cg{9,N), C = C{N, 6, go), 
ag = ag{9,N). 

Proof. We obtain the improvement of the value r inductively. Assume that p = 1- ag is small 
enough, we can apply Theorem 19.11 and obtain 

u G F{Ca, Ca; r) in i?i/2 in direction i/. 

Then for < < ^ we can apply Lemma [9^ if again ag is small, and we obtain 

(9.65) u € F{C9ia, Ca; r) in Br^ in direction ui 
for some ri , I'l with 

cgi < 2ri < 6*1, and — < Ca. 
In order to improve r, we consider the functions Us = (G(|Vii|) — G(A*) — e)^ and Uq = 

{G{\Vu\) - C{X*))~^ in S2ri- By Lemma Ell and (4) in Definitions O and [82] we know that 
Us vanishes in a neighborhood of the free boundary. Since Us > implies G(|Vn|) > G{X*) +e, 
the closure of {Us > 0} is contained in {G(|Vii|) > G(A*) + The function u satisfies the 

linearized equation 

Tu = bij{S/u)DijU = 

where bij is defined in (j7.47|) . and is uniformly elliptic in {G(|Vti|) > G{X*)+e/2} with ellipticity 
constant /? independent of u. 

Let V = G(|Vti|). By Lemma 1 in [15], we have that v satisfies, 

Mv = Di{bij{Vu)Djv) > in {G{\Vu\) > G{X*) + e/2}. 

Hence Us satisfies 

MUs>0 in {GdV-uD > G(A*) + e/2}. 
Extending the operator M with the uniformly elliptic divergence-form operator 

Mw = Di{bij{x)Djw) in i?2ri 
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with measurable coefficients such that 

bij{x) = bij{Vu) in {G(|Vn|) > G(A*) + e/2}, 

we obtain 

MUe > in B2ri . 

Moreover, by (ITOl) we have that Ue < G(A*(1 + r)) - G(A*) and by Ue = in B 

B,^,^{^vi), if Ca<l/2. 



Take now, V such that. 



< 



My = in B2r^ \ B, 

V = GiX*{l + T))-G{X*) ondB2r„ 

V = on dB. 



Then, there exists < c{N,P) < 1 such that V < c(G(A*(l + r)) - G{X*)) in B^^. Applying 
the maximum principle we have that. Us < c(G(A*(l + r)) — G(A*)) in iJ^i- Taking e ^ we 
obtain, 

G{\Vu\) < cG(A*(l + r)) + G(A*)(1 - c) in B,,. 
Since, G(A*(1 + r)) = G(A*) + g{X*)X*T + o(r) we have that 

cG(A*(l + r)) + G(A*)(1 - c) = G(A*) + c9(A*)A*r + o(r), 
and since G is strictly increasing, we have, 

|Vn| < G-^(G(A*) + cg{X*)X*T + o(r)) 

51^ ) 

= A*(l + r(c+^^))<A*(l + ri^ 



r 

if we choose r small enough. And we see that if we choose 9i small enough (depending on N), 
we have 

u G F{9Qa, 1; 9qt) in Br^ in direction z^i, 

where 6*0 = -\/^^- 

We can repeat this argument a finite number of times, and we obtain 

u G F{9J^a, 1;6'o'"t) in -Bri...r„ in direction i/^, 

with 

G 

C9j < '2rj < 6j, and \um - < —a. 

i — Uq 

Finally we choose m large enough and use Theorem 19.11 □ 
9.3. Smoothness of the free boundary. 

Theorem 9.3. Suppose that u is a weak solution, and Z) CC 0. Then there exist positive 
constants ao, C and a such that if 

u G -F(cT, 1; oo) in Bp{xo) C D in direction v 

with a < o-Q, p < po{ao,a), then 

p/4l 



Bp/iixo) n d{u > 0} is a G^'°' surface, 
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more precisely, a graph in direction u of a C^'"^ function, and, for any xi, X2 on this surface 

|z^(xi) - i'(x2)\ < Ca — — — 

P 

Proof. By property (4) in Definitions 18.11 and 18.21 we have that, for every p— neighborhood Dp 
oiDr\d{u > 0}, 

|Vti(3;)| < A* + t{p), for every x G Dp 

where t{p) ^0 when p — > 0. 
Therefore, 

u € F{a, l;r) in Bp(xQ) in direction v. 
Applying Theorem 19.11 we have that 

u £ F{Coa,Coa]T) in Bp/2{xo) in direction v 

if fj < (To and t < a. 

Let xi G Bp/2{xo) n d{u > 0} then 

u G F(Co(7, 1; r) in Bp/2{xi) in direction v 

and applying again Theorem 19. II we have, 

u G F(Cq(T, CgO"; r) in Bpji^{xi) in direction v 

if Cqu < (To and r < C^a. 

Let < 6* < 1, take po = p/4, vq = v,C = Cq, ct < ^ and r < oqC'^o^. Now, by Lemma [931 
and iterating we get that there exist sequences pm and such that, 

u G FiQ'^Ca, e^'Ca; O^'^t) in Bp^{xi) in direction z^^ 

with Cgpm < Pm+1 < Prn/^ and \Vrn+l " i^m| < 0"^Ca. 

Thus, we have that \{x — xi, i'm)\ < d^Capm for x G Bp^{xi) n 9{u > 0}. 
We also have that there exists v{xi) = \\m.m^oo and 

\v{xi) -Vm\ < Y^^' 

Now let X G Bp/4{xi) n d{u > 0} and choose m such that Pm+i < |x — xi| < pm. Then 

- X,, u{x^))\ < crv(^^ + p^) < + 1) 1^ _ ^,1 

and since jx — xij < Cg^~^^pQ we have 

^™+i<(^^r with a - ^'^(^^ 



and we conclude that 

\{x - xi,i'{xi))\ < — 

Finally, observe that the result follows if we take, cxo = min{fJo, f^,^} and if we choose po 
small enough such that if p < po, t{p) < min{(7, Cqit, (TgC^cr^}. □ 

Remark 9.2. By Lemma I8■4^ Definition 18.21 and by the nondegeneracy, we have that there 
exists a set yl C drediu > 0}, with 7i^~^{dred{u > 0} \ ^) = 0, such that for xq G ^ we have 
that u G F{crp, l;oo) in Bp^xo) in direction i>u{xq), with Up ^ for p — > 0. Observe that by 
Theorem 17.11 when ti is a minimizer A = dred{u > 0}. Hence applying Theorem 19.31 we have. 
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Theorem 9.4. If u is a weak solution then there exists a subset A C dred{u > 0} with 
Ti^^^{dred{u > 0}\A) = such that for any xq ^ A there exists r > so that Br{xQ)nd{u > 0} 
is a C^'" surface. Moreover, if u satisfies Definition \8.1\ then the remainder of d{u > 0} 
has 7i^~^ -measure zero. Finally, if u is a minimizer, dred{u > 0} is a C^'"' surface and 
n^-\d{u > 0} \ dred{u > 0} = 0. 
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